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1 INTRODUCTION

Standard Bayesian Approach
to Quantized Measurements
and Imprecise Likelihoods

LAWRENCE D. STONE
STEPHEN L. ANDERSON

In this paper we show that the standard definition of likelihood
function used in Bayesian inference simply and correctly handles
quantized measurements and imprecise likelihood functions. Some
recent papers have stated or implied that methods involving random
sets, fuzzy membership functions, generalized likelihood functions,
or Dempster-Shafer concepts are required to handle imprecise
likelihood functions and quantized measurements. While it is true
that one can use these methods, in the spirit of Occam’s razor, we
feel the simplest correct solution is the best.
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Some recent papers have stated or implied that methods involving random sets, fuzzy membership functions, generalized likelihood functions, or DempsterShafer concepts are required to handle quantized measurements and imprecise likelihood functions. In particular, reference [3] considers the problem of constructing likelihood functions for quantized measurements and proposes that these types of measurements
require a generalization of the standard notion of likelihood function that involves the use of random sets,
concepts from fuzzy logic and Dempster-Shafer theory,
as well as generalized or imprecise likelihood functions.
Similarly, reference [4] presents examples of problems
where the author claims that imprecise likelihood functions (a generalization of standard likelihood functions)
are required.
The purpose of this paper is to show that the standard
concept of likelihood function as defined in [1] or [6]
is sufficient to solve the problems presented in [3] and
[4] in an easy and straightforward manner. This is an
important point because in the spirit of Occam’s razor,
we believe the simplest correct solution to a problem
is the best one. Simplicity allows readers to clearly
understand the nature of the problem and its solution. It
facilitates the use of a concept in applications and makes
it easier to extend it to more challenging problems. It
enables progress.
This suggests the following question which we
pose but do not presume to answer here: What situations involving quantized measurements or imprecise
likelihood functions require the use of alternate, nonBayesian models of uncertainty?
Section 2 of this paper presents the standard Bayesian
inference formulation. Section 3 shows how this formulation can be used to handle the quantized measurement examples presented in [3]. Section 4 shows that
the examples given in [4] can be readily handled using standard Bayesian likelihood functions and that a
generalization to imprecise likelihood functions is not
required for these examples.
Reference [2] investigates the problem of tracking
a target with quantized measurements. The authors assume a Gaussian motion model for the target and develop an approximate Minimum Mean Squared Error
(MMSE) solution. They provide a numerical algorithm
for obtaining this solution. This is very impressive work,
and one must admire the authors for the cleverness of
their solution. However, the solution is complex and
does require many special assumptions. In contrast to
this we present in Section 5 a particle filter approach
to solving this problem with standard Bayesian likelihood functions that is very simple and general. One is
not constrained to Gaussian motion models or measurement errors. It is straight-forward to incorporate a wide
variety of types of measurements and motion models.
We present an example to illustrate this approach.
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2 BAYESIAN INFERENCE FORMULATION
In order to clarify what we mean by a standard
Bayesian approach, we give the formulation of the basic
Bayesian inference problem that is presented in [6] and
is consistent with that in [1].
There is an unknown parameter £ that we wish to
estimate. There is a prior distribution p0 on £ such that
p0 (μ) = Prf£ = μg

(1)

where Pr indicates either probability or probability density as appropriate. We obtain a measurement Z from a
sensor. The measurement is viewed as a random variable whose distribution depends on μ. We define the
likelihood function
l(z j μ) = PrfZ = z j £ = μg:

(2)

If we receive a measurement Z = z, we compute the
posterior distribution
p1 (μ j Z = z) = R

l(z j μ)p0 (μ)
l(z j μ0 )p0 (μ0 )dμ0

(3)

where integration is replaced by summation if the distribution on £ is discrete.
Note, when we use the term likelihood function to
describe (2), we mean the function l(z j ¢) obtained by
holding the measurement z fixed and letting the parameter μ vary. l(z j ¢) need not be a probability (density)
function. It may integrate to a number different than 1.
We use the notation l in place of the more usual p to
emphasize this point.

Reference [3] sought to illustrated the necessity of its
approach by presenting examples of performing inference using quantized measurements. In this section, we
use the same examples to show that standard likelihood
functions and the Bayesian inference process as given
in (1)—(3) provide a straight-forward and correct way
of incorporating quantized measurements into Bayesian
inference. No generalization is required, and no extensions of the standard Bayesian probability concepts are
needed.
In the digital voltmeter example given in [3], measurements are taken by a digital voltmeter that provides
voltage readings to two decimal places. From the digital
voltmeter measurement, we wish to estimate the actual
voltage £. Let p0 be the prior on £. We consider three
cases, measurements without noise, measurements with
noise, and measurements where the quantization is unknown.
Quantized Measurements without noise–known
quantization

If there is no noise added to the actual voltage,
then any voltage in the interval (199:975, 199:985] will
produce a measurement of 199.98. The measurement
4

Sj = (j £ 0:01 ¡ 0:005, j £ 0:01 + 0:005]

(4)

will produce a measurement Z = j £ 0:01. From the
definition of likelihood function in (2), we have
l(j £ 0:01 j μ) = PrfZ = j £ 0:01 j μg
½
1 if μ 2 Sj
=
0 otherwise.

(5)

For notational convenience, we shall use Z = j for the
measurement and l(j j μ) for the likelihood function
in (5).
The posterior on the actual voltage £ is computed by,
p1 (μ j Z = j) = R

l(j j μ)p0 (μ)
l(j j μ0 )p0 (μ0 )dμ0

8
< R p0 (μ)
0
0
=
S p0 (μ )dμ
: j
0

if μ 2 Sj

(6)

otherwise.

3.2 Quantized Measurements with Noise–Known
Quantization
In this example we suppose the received voltage r
at the digital voltmeter is the true voltage μ plus noise
". Specifically, the true voltage is μ + " where " has the
density function
f(y) = Prf" = yg for ¡ 1 < y < 1:

3 QUANTIZED MEASUREMENTS

3.1

space is a discrete set of points on the real line of the
form j £ 0:0 where j is an integer such that ¡1 < j <
1. Any voltage in the set

The digital voltmeter produces measurements to two
decimal places as above. In this case the likelihood
function becomes
l(j j μ) = PrfZ = j j μg
= Prfj £ 0:01 ¡ 0:005 < μ + "
· j £ 0:01 + 0:005g
= Prfj £ 0:01 ¡ μ ¡ 0:005 < "

=

Z

· j £ 0:01 ¡ μ + 0:005g
j£0:01¡μ+0:005

f(y)dy:

(7)

j£0:01¡μ¡0:005

and the posterior distribution on £ given the measurement Z = j is
p0 (μ)l(j j μ)
p0 (μ0 )l(j j μ0 )dμ0
R j£0:01¡μ+0:005
p0 (μ) j£0:01¡μ+0:005 f(y)dy
³R
´
=R
j£0:01¡μ0 +0:005
p0 (μ0 ) j£0:01¡μ0 ¡0:005 f(y)dy dμ0

p1 (μ j Z = j) = R

As an example, let us consider the situation where
f(y) = ´(y, 0, ¾ 2 )
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where ´(¢, 0, ¾2 ) is the probability density function for
the normal distribution with mean 0 and variance ¾ 2 .
The notation ´(¢, 0, ¾2 ) is used to indicate the function
of one variable obtained by fixing the values of the 2nd
and 3rd variables at 0 and ¾2 . We use a similar notation
for a function of two variables when we wish to fix the
value of one of the variables. Let
Z z
´(y, 0, ¾ 2 )dy for ¡ 1 < z < 1: (8)
©(z, ¾2 ) =
¡1

Then the likelihood function l(j j μ) in (7) becomes
l(j j μ) = ©(j £ 0:01 ¡ μ + 0:005, ¾ 2 )
¡ ©(j £ 0:01 ¡ μ ¡ 0:005, ¾2 ):

(9)

Figure 1 shows plots of the likelihood function in
(9) for Z = 10 and ¾2 = 0:0001, 0.0004, and 0.0016.
Reference [4] also presents a quantized measurement example that the author claims requires the use
of imprecise likelihood functions. In fact one can produce the example in [4] and obtain Figure 1 in [4] if
he considers the case where the quantization has binsize 15 and the measurement Z = j indicates the interval
(15j, 15(j + 1)]. In this case the sets Sj in (4) become
Sj = (15j, 15(j + 1)],
and the likelihood function in (9) becomes
l(j j μ) = ©(j £ (15 + 1) ¡ μ, ¾2 ) ¡ ©(j £ 15 ¡ μ, ¾ 2 )

Fig. 1. Likelihood functions for j = 10 (0.1 volt reading on
voltmeter) when ¾2 = 0:0001, 0.0004, and 0.0016.

The likelihood function for the observation Z = j £
0:01 is
l(j j (μ, ±)) = PrfZ = j £ 0:01 j (£, ¢) = (μ, ±)g
½
1 if μ 2 Sj (±)
=
0 otherwise.

where μ plays the role of the variable z in [4].

Let g1 be the posterior joint density on (μ, ¢) given
Z = j. Then

3.3

g1 ((μ, ±) j Z = j)

Quantized Measurements when Quantization is
Unknown

In the case where the quantization is unknown, we
expand the state space on which we perform inference
to simultaneously estimate the voltage and the quantization. To illustrate how this is done within the conventional Bayesian inference formalism, we consider the
case where there is no noise added to the voltage and the
quantized bins have a known and equal size. However,
we do not know the anchor point for the bins.
Following Example 1, we take the bin size to be
0.01. However we do not know the anchor point of the
bins. Specifically there is a unknown parameter ¢ such
that ¡0:005 · ¢ · 0:005 and
Sj (¢) = (j £ 0:01 ¡ 0:005 + ¢, j £ 0:01 + 0:005 + ¢]:
The inference problem is to estimate both μ and ¢.
In classic Bayesian fashion, we impose a prior distribution on (μ, ¢) which represents our prior knowledge
(or uncertainty) about (μ, ¢). As an example we suppose
that the priors on the two parameters are independent
and the joint density on (μ, ¢) is given by
g0 (μ, ±) = p0 (μ)q0 (±)
for ¡ 1 < μ < 1 ¡ 0:005 < ± · 0:005:

= R 0:005 R
¡0:005

l(j j (μ, ±))p0 (μ)q0 (±)

l(j j (μ0 , ± 0 ))p0 (μ0 )q0 (± 0 )dμ0 d± 0

8
p (μ)q0 (±)
>
< R 0:005 R 0
0
0
0
0
=
¡0:005 Sj (± 0 ) p0 (μ )q0 (± )dμ d±
>
:
0

for μ 2 Sj (±)
otherwise.

3.4 Alternate Quantization Models
Digital signal processing involves quantized measurements. The effect of this quantization is sometimes
modeled as adding random and independent noise to
the measurements. This is discussed in [7] which notes
“It has been shown to be a valid model in cases of
high resolution quantization (small ¢relative to the signal strength) with smooth probability density functions.
However, additive noise behaviour is not always a valid
assumption, and care should be taken to avoid assuming
that this model always applies. In actuality, the quantization error: : : is deterministically related to the signal
rather than being independent of it.”
4 IMPRECISE LIKELIHOOD FUNCTIONS
In this section we show that the localization example
given in IV of [4] can be computed in a straight-
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forward way by standard Bayesian likelihood functions
without resorting to imprecise likelihood functions or
other generalizations of Bayesian inference.
For the convenience of the reader we reproduce the
description of the example given in [4].
4.1

Localization using RSS

Received signal strength (RSS) is often used for
localizing an emitting energy source although the source
level of the emitter is unknown. As an example, consider
the two-dimensional situation shown in Figure 2 where
the unknown source position X = (X1 , X2 ) is located
inside the square defined by
5 · X1 · 95;

5 · X2 · 95,

(10)

and the prior on distribution on (X1 , X2 ) is uniform over
this square. The unknown source level A (in dB) of the
emitter has a uniform distribution on [25, 65]. There are
12 receivers uniformly spaced on a circle of radius 50
centered at (50, 50) as shown by the squares in Figure
2. The receivers are numbered in counter-clockwise
fashion starting with receiver 1 at the 3 o’clock position.
Let (x1i , x2i ) be the location of the ith receiver.
For i = 1, : : : , 12, the measurement Zi of RSS at the
ith receiver satisfies the following equation
Zi = A ¡ 10μi log(di (x)=d0 ) + vi
where

(11)

q
di (x) = (x1i ¡ x1 )2 + (x2i ¡ x2 )2

is the distance from the location of the ith receiver to
the source given the source is located at x = (x1 , x2 ),
μi is an unknown propagation loss factor where
2 · μi · 4,
d0 = 10 is a reference distance,
vi has a Gaussian distribution with mean 0 and
variance 4,
vi is independent of vj for i 6= j.
4.1.1 Likelihood Function
Reference [4] does not provide an explicit formula
for the likelihood function employed in this example.
For our computations, we assume that μi is uniformly
distributed over [2:0, 4:0] for each receiver and that μi
is independent of μj for i 6= j and obtain an explicit
likelihood function as follows.
Let ´04 be the density function for a Gaussian distribution with mean 0 and variance 4. Then
PrfZi = z j X = x, A = a, and μi = μg
= ´04 (z ¡ a + 10μ log(di (x)=d0 ))
6

Fig. 2. Marginal distributions on position and source level.

and
l(z j x, a) = PrfZi = z j X = x, A = ag
Z
1 4
=
´ (z ¡ a + 10μ log(di (x)=d0 ))dμ
2 2 04
R 40 log(di (x)=d0 )
20 log(di (x)=d0 ) ´04 (z ¡ a + y)dy
=
20 log(di (x)=d0 )
=

©(z ¡ a + 40 log(di (x)=d0 ), 4)
20 log(di (x)=d0 )
¡

©(z ¡ a + 20 log(di (x)=d0 ), 4)
20 log(di (x)=d0 )

(12)

is the likelihood for the measurement Zi = z given X = x
and A = a.
4.1.2 Results
Following [4] we simulated measurements at the 12
receivers using the model in (11) for a source located at
X = (30, 60) with source level A = 35. We set μi = 2:3
for i = 1, : : : , 6 and μi = 3:5 for i = 7, : : : , 12. Using the
resulting measurements and the likelihood function in
(12), we computed the joint posterior distribution on
emitter position X and source level A. Figure 2 shows
the resulting marginals on X and A. For numerical convenience we computed the distributions on a grid that
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has 200 by 200 cells in position and 41 cells in source
level. We calculated the posterior probability in each of
these cells given the measurements from the 12 sensors.
The color bar next to the position marginal indicates
containment. The red region is the 50% containment
region (i.e., the region with the smallest number of cells
that contains 50% probability). The red plus orange region is the 86% containment region, and so on for the
yellow, green, and blue regions. Observe that the emitter’s location (shown as a white dot in Figure 2) is close
to edge of the 50% containment region. The marginal
on source level is represented by a bar graph with the
height of the bar being equal to the posterior probability in the cell containing the bar. The cells are 1 dB in
width. The actual source level, 35 dB, is in a reasonable
location in this distribution.
In order to test whether the above method produces
a good representation of the uncertainty in the posterior
estimate of the position X of the emitter, we followed
the approach of Section V in [4] and simulated 1000
sets of measurements at the 12 receivers. For each
replication of the simulation, we made an independent
draw for the value of μi from a uniform distribution
over [2:0, 4:0] and computed the resulting measurement
Zi from (11) for i = 1, : : : , 12. The location of the emitter
and source level remained fixed at X = (30, 60) and
A = 35 for all replications. For each replication, we
computed the marginal on emitter position as in Figure
2. To test whether the resulting distributions correctly
represent the uncertainty in the location of the emitter,
we computed the following Kolmogorov-Smirnov (KS)
graph.
For the nth replication, we started with the cell
containing the emitter (the one containing the point
(30, 60)) and summed the probability in all cells having probability greater than or equal to the probability in the emitter cell. This produced a containment region and containment probability cn for n = 1, : : : , 1000.
Next we ordered the containment probabilities into a set
fĉn ; n = 1, : : : , 1000g such that 0 · ĉ1 · ĉ2 : : : · ĉ1000 ·
1. We then plotted the points (n=1000, ĉn ) for n =
1, : : : , 1000. This plot is shown in blue in Figure 3 which
is the empirical distribution for the containment probability produced by the marginal distribution on position.
If the marginal distributions accurately represent the
uncertainty in emitter location, this distribution should
converge to the red straight line in Figure 3 as the number of replication increases to infinity. That is, the percentage of replications in which the target is inside the
p percent containment region should be p percent. One
can see that the empirical distribution is indeed a close
fit to the straight line indicating an accurate representation of the uncertainty in the marginal. One could perform a KS test to test the hypothesis that the empirical
distribution is the same except for sampling noise as the

Fig. 3. KS graph for marginal distribution on emitter location.

straight line. However, it is clear from Figure 3 that the
fit is very good.
To further test the accuracy of the marginal posterior
on location, we performed another set of 1000 replications similar to the ones above. For each of these replications, we made an independent draw from a uniform
distribution over the square defined by (10) for the location of the emitter and an independent draw from a
uniform distribution over [25, 65] for the source level.
As above, we made independent draws for the values
of μi for i = 1, : : : 12. We then computed the KS graph
for the posterior marginal distribution on emitter location. The result looked very similar to Figure 3 further
confirming the accuracy of these posterior distributions.
5 TRACKING MOVING TARGETS WITH QUANTIZED
MEASUREMENTS
The target considered in Section 4 is stationary.
One can also track moving targets using sensors with
quantized measurements. Since the measurements do
not satisfy the linear-Gaussian assumptions required for
a Kalman filter, we perform the tracking using a particle
filter as described in [5] or Chapter 3 of [6].
The general procedure is straightforward. The particles are motion updated to the time of a measurement.
The likelihood function for a quantized measurement is
applied to the weight of each particle to produce the
posterior distribution on target state. The particles are
resampled and then motion updated to the time of the
next measurement.
In particular, suppose that the target state distribution
at time t is represented by the set of particles
f(xn (t), wn (t)g for n = 1, : : : , N
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where xn (t) is the state of the nth particle at time t and
wn is its probability. This set of particles represents a
discrete probability approximation to the distribution on
target state at the time t. Suppose we obtain a quantized
measurement Z = z. Let l(z j x) be the likelihood function for this measurement. The posterior distribution on
target state at time t is given by
f(xn (t), w̃n (t)g for n = 1, : : : , N
where

(13)

l(z j xn (t))wn (t)
w̃n (t) = PN
:
n0 =1 l(z j xn0 (t))wn0 (t)

denote by Z = 1. Specifically we let r denote the range
of the target and "i be mutually independent normally
distributed random variables with mean 0 and variance
¾i2 for i = 1, 2, 3. Then the likelihood function ld for a
detection becomes
ld (1 j r) = PrfZ = 1 j target at range rg
= Pr

¼

½

r · 5 + "1 or 27:5 ¡ "2 · r · 32:5 + "2
or 57:5 ¡ "3 · r · 62:5 + "3

8
>
< Prfr · 5 + "1 g
>
:

¾

for 0 · r · 20

Prf27:5 ¡ "2 · r · 32:5 + "2 g

for 20 < r · 45

Prf57:5 ¡ "3 · r · 62:5 + "3 g for 45 < r < 1:

If the next measurement is received at time t0 > t,
the posterior particle filter representation in (13) can
be motion-updated to the time t0 to act as a proposal
distribution for the incorporation of the measurement
at time t0 . The posterior in (13) is typically resampled
before the motion update is performed. If desired, other
proposal distributions can used to improve particle filter
performance as discussed in [5].
In the following example we consider an underwater
acoustic detection situation that goes beyond the quantized measurement examples considered in [3]. In particular, the bins are unions of disjoint intervals. In this
example we employ a particle filter to track a moving
target.

The approximation in the last line is essentially an
equality if ¾i2 < 4 for i = 1, 2, 3. In terms of © defined
in (8), the likelihood function in (15) becomes
8
1 ¡ ©(r ¡ 5, ¾12 )
for 0 · r · 20
>
>
>
>
2
2
>
>
< minf1 ¡ ©(27:5 ¡ r, ¾2 ), 1 ¡ ©(r ¡ 32:5, ¾2 )g

5.1

Figure 4 shows the likelihood function ld (1 j ¢) when
¾i2 = 0:5 for i = 1, 2, 3.

Likelihood Function for Acoustic Detection

When a passive acoustic sensor is located in a deep
water region of the ocean, the sound propagation conditions often produce detection areas that are disjoint.
For example, there may be good detection conditions
from the sensor’s location out to range 5 nm. This is
typically called the direct path region. In addition there
are often convergence zone regions at ranges of roughly
30 nm, 60 nm, and even farther out. A convergence zone
is a region where the acoustic rays converge and produce low propagation loss and increased detection probability for the sensor. Suppose the convergence zones
are 5 nm wide. It is often the case that the uncertainty
about the source level of a potential target means that
although one cannot calculate the detection probability
as a function of range, one does know that if a target
has been detected, it is in one of these zones. In this
case, a detection means that the target is in one of the
above range intervals, i.e., its range is in the union of
disjoint intervals
S = [0, 5] [ [27:5, 32:5] [ [57:5, 62:5]:

(14)

Generally one does not know the edges of the intervals in S exactly. Depending on the source level of the
target and the ambient noise in the ocean, these areas
can be a bit larger or smaller than the nominal numbers
in (14). We will model this uncertainty with a likelihood function that is similar to the one given in the
example in Section 3.2 with the exception that there is
only one bin corresponding to a detection, which we
8

ld (1 j r) =

(15)

for 20 < r · 45

>
>
>
>
minf1 ¡ ©(57:5 ¡ r, ¾32 ), 1 ¡ ©(r ¡ 62:5, ¾32 )g
>
>
:

for 45 < r < 1:

(16)

5.2 Acoustic Tracking Example
For this example we consider a target moving at
14 kn in a 70 nm by 70 nm square as shown in Figure
5. There are six sensors located at (0, 0), (0, 35), (0, 70),
(70, 0), (70, 35), and (70, 70). These are shown as white
dots in Figure 5. Each of these sensors has the detection
characteristics described in Section 5.1 and in particular has the detection likelihood function given by and
plotted in Figure 4. There is an independent detection
opportunity for each of these sensors every 5 minutes.
The detection opportunities occur simultaneously for all
sensors. Note that the detections produce range information but no bearing information.
In order to show the coverage of the sensor field
over the 70 nm £ 70 nm square, we computed the sum
of the likelihood functions for the six sensors evaluated
at each point in the square. This sum yields the expected
number of sensors that can detect a target at each point
in the square. The results are color-coded and plotted
on the square in Figure 5. The color code is given by
the color bar on the right. Note, this is not a calculation
of the likelihood function resulting from the detections
at an opportunity time. That likelihood function is obtained by pointwise multiplying the likelihood functions
for the sensors obtaining a detection at that time.
For the example, the target follows the track shown
in white in Figure 5 moving at a constant 14 kn from the
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Fig. 5. Sensor field and target track.

Fig. 4. Likelihood function ld (1 j ¢) for accoustic detection in a
convergence zone environment.

bottom to the top of the figure. The maneuver occurs at
2.5 hours.
Using the likelihood function in (16) and a particle
filter that is a minor modification of the one described
in Section 1.3 of [6], we estimated the track of this
moving target. We simulated detections as follows. At
each opportunity time, the simulation calculated the
range of the target from each sensor. A detection was
called with probability equal to the likelihood function
value at that range. Detections are independent from
sensor to sensor.
We used 25,000 particles. The particle paths were
initialized from the first sensor detection as follows. For
each particle, the range was randomly drawn from a
uniform distribution on the convergence zone intervals
with a Gaussian component having mean 0 and variance
0.5 nm added. The bearing from the sensor was chosen
uniformly over the interval 0 to 360 degrees. By doing
this we obtained 25,000 equally weighted independent
points from the posterior distribution on target position
given the first detection.
The initial speed for each particle was drawn from
a uniform distribution on the interval 2 to 30 kn. The
initial course was drawn from a uniform distribution
over the interval 0 to 360 degrees. The particles change
velocity according to an exponential distribution with
mean 0.5 hours. When a velocity change takes place, a
new velocity is chosen from a distribution that produces

a mean change of 30 degrees in course and 2 kn in
speed. See Section 1.3.3 of [6] for the details of this
motion model.
Figures 6 and 7 show the filter output at 0.5 and
2.0 hours. In the figures, we show only a 500 point
sample of the particles in the figure. At 0.5 hours, the
distribution has two modes. By 2.0 hours the second
mode has disappeared, and the remaining particle cloud
is centered at the target’s location.
Figures 8 and 9 show the filter output at 3 hours and
5 hours. At 3 hours, just after the maneuver, the particle
distribution has spread out. By 5 hours it has condensed
around the position of the target.
This example shows two things. First that even complicated quantized measurements can be represented by
standard likelihood functions, and second these likelihood functions can be easily used in a particle filter to
track moving targets.
6 CONCLUSIONS
The examples have shown how to construct likelihood functions for quantized measurements using the
standard Bayesian approach with standard likelihood
functions.
In Section 3, we showed that the quantized measurement examples presented in [3] can be treated without
employing the notions of generalized likelihood functions.
In Section 4 we have shown that the examples presented in [4] can be handled with standard Bayesian
likelihood functions without the extra complexity required for imprecise likelihood functions. If anything,
the results presented in Section 4.1.2 are somewhat better than the ones obtained by the use of imprecise likelihood functions in [4].
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Fig. 6. Position marginal at 0.5 hr.

Fig. 8. Postion marginal at 3 hr.

Fig. 7. Position marginal at 2.0 hr.

Fig. 9. Postion marginal at 5 hr.

In Section 5, we have shown that quantized measurements can be applied to moving target tracking problems using particle filters and likelihood functions for
the quantized measurements in a straightforward, standard Bayesian fashion.
The power of a likelihood function is that it converts
measurements from (almost) any measurement space
into a function on the target state space. This allows us
to incorporate the information in these measurements
into the posterior distribution on the target state space.
The examples given above illustrate this process with
quantized measurements, but the method is applicable

to wide range of types of measurements and sensors.
In particular, it is applicable to any measurement for
which one can compute a likelihood function using the
definition in (2). This is why likelihood functions are the
common currency of information in Bayesian inference.
The examples given above demonstrate this fact.
We have discussed above the virtues of using the
simplest solution to a problem. We would be remiss if
we did not also point out that there can be drawbacks
to unnecessary complexity. For example, if we employ
Dempster Shafer methods to handle quantized measurements, then we will be limited in applications to finite

10
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discrete state spaces since there has been no satisfactory
extension of Dempster-Shafer theory to continuous state
spaces. Even if the state space is finite, the computations
involved with Dempster-Shafer methods grow exponentially with the size of the state space which limits its
applicability to real problems.
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1 INTRODUCTION

Symmetries in Bayesian
Extended Object Tracking

FLORIAN FAION
ANTONIO ZEA
MARCUS BAUM
UWE D. HANEBECK

In this work, we exploit geometric symmetries in extended
objects in order to improve Bayesian tracking algorithms that use
Spatial Distribution Models, Greedy Association Models as used in
curve fitting, and Random Hypersurface Models. The key idea is to
describe symmetric objects by solely modeling the non-redundant
part of the shape, while the remainder of the shape follows from
symmetry. Following this idea, we develop simplified versions for
the three models that take advantage of the symmetry. Exploiting
symmetries yields two major benefits. First, complex symmetric
shapes can be equivalently represented by a fraction of the original
shape parameters. Second, when using sample-based filters, such as
the widely used Unscented Kalman Filter, symmetry yields a higher
effective sample resolution. It is worth mentioning that estimating
even simple objects such as a stick, which only have one reflectional
symmetry, can be significantly improved.

Manuscript received November 22, 2013; revised June 14, 2014;
released for publication September 13, 2014.

Tracking shape and pose of extended objects based
on point measurements is a well-studied task that spans
many different fields of research including robotics, human machine interaction, and surveillance. In the context of tracking, the difference between a classical object
and an extended object is that the former is, due to its
size or sensor resolution, assumed to produce measurements from one distinct source on the shape, while the
latter is assumed to produce measurements from more
than one source. Depending on the specific task, there
are different sensors available to capture point measurements of a given target object. These include laser scanners, depth cameras, and radars, all of which produce
data that differ in both the quantity and the quality (i.e.
uncertainty) of the measured points. In addition to these
sensor-specific characteristics, (self-)occlusions and unknown association of measured points to its generating sources on the object are the main challenges when
tracking an extended object.
Many objects in everyday life have known geometric
symmetries and incorporating them into tracking algorithms makes sense for two reasons. First, it allows for
modeling only a small part of the shape, and then using
symmetry to obtain the other parts, which can be exploited to reduce the number of required shape parameters. Second, as point measurements from one part of
the shape also contain information about the symmetric
counterparts the estimator becomes more robust against
occlusions. However, symmetric transformations have
to be applied carefully, as they may produce unintended
side effects in the measurement model.

Fig. 1. Common tracking algorithms (a) require a generative model
for measurements (blue crosses) that considers sources (red filled
circles) over the entire shape. The proposed approach (b) only
requires modeling sources in a non-redundant part (orange), so that
the rest (red empty circles) of the shape follows from symmetry.
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(e-mail: baum@engineer.uconn.edu).
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Fig. 1 illustrates the key idea of incorporating symmetry. While common tracking approaches assume
measurements originating from sources on the entire
airplane (Fig. 1(a)), we propose to model measurement
sources just on a single side of the shape (orange), and
obtain the rest by mirroring (Fig. 1(b)) in this case. We
will denote this orange region as the non-redundant part
of the shape.
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then is described in Sec. 8. We illustrate these concepts
by deriving symmetric models for sticks (Sec. 9) and
symmetric star-convex shapes (Sec. 10). These models
are evaluated in Sec. 11 and compared against their nonsimplified paragons. Finally, conclusions are drawn in
Sec. 12.
2 PROBLEM STATEMENT

Fig. 2. Given: Noisy point measurements Yk of sources Z̃(xk ) on
the object, measured at time k. Desired: Object parameters xk for the
specified model.

Our intention is to explore how different generative
models as commonly used in Bayesian extended object
tracking can take advantage of these symmetric considerations. Specifically, we will focus on Spatial Distribution Models [9], [24], Greedy Association Models
[4], [7] as used in curve fitting, and Random Hypersurface Models [1—3], [6]. Sample-based filtering techniques [10], [23] will be used for implementation.
There are many related approaches that exploit geometric symmetries, e.g., surveyed in [16] and [17].
In the context of [17], our work would be classified
as model acquisition and representation. Related work
on tracking is proposed in [8], where random matrices
are used to describe ellipsoidal and non-ellipsoidal [13]
extended objects which produce measurement sources
according to a known distribution. In [15], reflectional
symmetry is incorporated into an image-based tracking
algorithm that estimates the bounding box of a moving symmetric object. Reflectional symmetry has also
been exploited for segmentation purposes [19]. Simplifying a symmetric mesh was proposed in [22], where
the authors incorporate symmetry in the data structure
of the mesh in order to remove redundancies. In [20],
the authors even proceed one step further by generating
a complex shape by back-projecting silhouettes. Treating symmetric multimodalities with directional statistics [12] is also a related field of research, as well as
symmetric measurement functions [14] that consider
symmetry in the sense of invariance to switching specific parts of the state vector. Note that, while other
approaches which exploit geometric symmetries mostly
work with image sequences of the object, we only use
sparse point measurements. As such, and to the best of
our knowledge, this is the first approach to explicitly incorporate geometric symmetries into Bayesian extended
object tracking.
The paper is structured as follows. In Sec. 2, the
mathematical problem is stated and the model parameters are introduced. Bayesian extended object tracking is discussed in Sec. 4, followed by the key idea of
our approach in Sec. 5. For the considered symmetries,
as explained in Sec. 6, simplification is further elaborated in Sec. 7 in order to derive a general simplification
scheme. The implementation of the proposed approach
14

Tracking an extended object consists of estimating
the object state xk as a combination of pose (position
and orientation) and shape parameters1
" pose #
xk
xk = shape ,
(1)
xk
at each time step k, based on a list of nk given noisy
point observations
Yk = fy i,k j i = 1, : : : , nk g

(2)

from the object. In general, the dimension d of these
points is two or three. The potentially time-varying
number nk of measurements is considered to not contain
any information about the object extent. We assume
that the measurements originate from source points
z̃ i,k 2 Z̃(xk ) on the object corrupted by noise in the form
y i,k = z̃ i,k + wi,k :

(3)

The additive noise term wi,k is assumed to be drawn
from the zero-mean Gaussian distribution p(wi,k ) =
N (0, Cw ), and assumed to be independent from the
i,k
state and the measurement source. In the following, we
denote the set of all possible measurement sources Z̃(xk )
as the shape of the object. Fig. 2 shows a sketch of the
estimation task and involved parameters. Note that i)
considerations on clutter measurements are not included
in this paper, and ii) time indices k and measurement
indices i will be dropped when not needed.
2.1 Separation of Shape and Pose
In order to keep geometric considerations simple,
we separate pose and shape by using two coordinate
frames (see Fig. 2): the object frame that represents
the object without any pose information, i.e., unrotated
and centered on the origin, and the world frame that
represents how the object is seen from the outside. The
function H transforms a given point z W , given in the
world frame, to the point z O in the object frame, by
means of the rigid transformation
z O = H(x, z W ) = R ¢ z W + t,

(4)

where R is a rotation matrix and t is a translation
vector, both derived from x. Unless otherwise stated,
all geometric considerations are assumed to refer to the
object frame.
1 Note

that the state can easily be extended to include further
parameters.
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3 NOTATION
We denote vectors with underline x and matrices
with capital bold letters C.
object state vector
points z 2 Rd in Cartesian coordinates
shape of the object (set of all measurement
sources z̃ 2 Z̃(x)) for a given state x
z̃(x, s)
measurement sources z̃ 2 Z̃(x) in function
of the state x and index parameters s
Z̃(x, t)
subshapes Z̃(x, t) μ Z̃(x) in function of an
index parameter t
Y
list of measurements y
p(x)
prior distribution of the object state
p(y j x)
likelihood for the single measurement y
p(z j x)
distribution of points z 2 Rd to be
measurement sources, given the state x,
g(x, z)
shape function that relates points z to the
shape Z̃(x)
T(z)
aggregation function that maps points z to
the non-redundant part
N (z; ¹, C) Gaussian distribution with mean ¹,
covariance matrix C, evaluated at z
x
z
Z̃(x)

4 BAYESIAN EXTENDED OBJECT TRACKING
In this section, we introduce the concepts of Bayesian extended object tracking. In a Bayesian estimator,
the state x to be estimated is modeled as a random
vector whose distribution p(x) represents the uncertain
knowledge about the object’s pose and shape. In this
work, we assume this uncertainty to be Gaussian.
The tracking algorithm consists of two alternating
steps. First, the prediction step lets the distribution p(x)
evolve over time according to a system model. Second,
the measurement update step incorporates new measurement points Y according to Bayes’ rule
p(x j Y) / p(Y j x) ¢ p(x),

(5)

where p(Y j x) is the likelihood that describes how likely
a measured set of points Y is, given a state x.
As we assume all points y i 2 Y to be conditionally
independent from the state x, the likelihood can be
rewritten to
n
Y
p(Y j x) =
p(y i j x),
(6)
i=1

which lets us consider individual likelihoods for single
measurements y i 2 Y. If more points are available, they
can be processed sequentially according to (6).
Furthermore, as the measurement noise is assumed
to be independent from the state, the likelihood p(y j x)
can be divided into
Z
p(y j x) =
p(y j z) ¢ p(z j x)dz,
(7)

Fig. 3. Sketch of source model and sensor model.

model p(z j x) specifies the distribution of points z 2 Rd
to be the measurement sources for a given state x. Both
are schematically shown in Fig. 3.
According to (3), the sensor model is immediately
given by the convolution
Z
p(y j z) =
p(y j z, w) ¢ p(w)dw
(8)
Rd
Z
=
±(y ¡ (z + w)) ¢ N (w; 0, Cw )dw
Rd

= N (y ¡ z; 0, Cw )
For the source model, in cases where the true source
is known, e.g., when looking at point objects without extent, it holds that p(z j x) = ±(z ¡ z̃(x)), where z̃(x) refers
to the source location of the point object. However, as
we consider extended objects in this work, each state
x generates a set of possible sources Z̃(x) rather than a
single source. In order to allow more than one measurement source, we introduce s 2 S as an index parameter
that iterates through all possible sources z̃(x, s) 2 Z̃(x)
for a given state x. The parameter s often refers to realvalued scalars from S μ R which, e.g., allows for iterating through sources along a line segment. However, in
the case of sources on more complex shapes, such as a
rectangle, the index parameter can be vector-valued. For
example, in Sec. 4.3, we use a parametrization based on
two index parameters s 2 S, and t 2 T , where pairs of
(s, t) iterate through the sources z̃(x, s, t) 2 Z̃(x).
An appropriate source model for extended objects
has the form p(z j x, s) = ±(z ¡ z̃(x, s)), which additionally depends on the index parameter s, and each refers to
a single source. The task then is to derive a source model
p(z j x) based on the individual source models p(z j x, s).
As the true s is usually not known in advance, we are
faced with the so called association problem. In the following, we summarize three popular source models that
deal with this problem. Accompanying the textual description, Fig. 4 presents some illustrative examples.
4.1 Spatial Distribution Model

where the sensor model p(y j z) specifies the distribution
of measurements y for a given point z, and the source

A spatial distribution model (SDM) as presented in
[9], [24] is a source model p(z j x), derived by marginalizing s 2 S out of the individual models p(z j x, s). The
intuition of an SDM is to explicitly assign a probabil-
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Rd

0 for all z 2 Z̃(x). This motivates the use of an implicit
shape function in the form of
g(x, z) = min(kz ¡ z̃(x, s)k),
s2S

(12)

which returns the minimum over all distances between
the point z and all sources on the shape Z̃(x). Note
that finding the minimum implicitly includes the greedy
selection of the expected source. Substituting the expression kz ¡ z̃(x, ŝ)k in (11) with the shape function
g(x, z) from (12), we obtain a Greedy Association Model
(GAM)
p(z j x) = ±(g(x, z)):
(13)
Fig. 4. Sketch of the considered types of source models.

ity p(s) to each individual source z̃(x, s) 2 Z̃(x) of being
measured. The marginalization then can be written as
Z
(9)
p(z j x) = p(z j x, s) ¢ p(s)ds
S
Z
= ±(z ¡ z̃(x, s)) ¢ p(s)ds:
S

In other words, each potential source z̃(x, s) is considered as hypothesis and weighted according to its probability.
A popular reformulation [9], [24] of (9) is to substitute the expression z ¡ z̃(x, s) by a distance-related function kz ¡ z̃(x, s)k that returns a scalar 0 if z equals z̃(x, s).
By means of the distance function, the SDM (9) can be
rewritten as
Z
(10)
p(z j x) = ±(kz ¡ z̃(x, s)k) ¢ p(s)ds:
S

A drawback of the SDM is that in most real-life
scenarios, p(s) is not known in advance, and deriving
it is a non-trivial task, as it depends on factors such
as sensor to object geometry, the specific segmentation
algorithm, and occlusions, among others. This raises the
need for approaches that depend less on p(s).
4.2

Greedy Association Model

Another source modeling technique, popular in
curve fitting [7], is to approximate the unknown source
distribution by p(s) = ±(s ¡ ŝ) where the index ŝ specifies the true source. The sifting property then lets us
eliminate the integral in (10)
Z
(11)
p(z j x) = ±(kz ¡ z̃(x, s)k) ¢ ±(s ¡ ŝ)ds
S

= ±(kz ¡ z̃(x, ŝ)k):
Although this would be the ideal source model, ŝ and
in consequence z̃(x, ŝ) is usually unknown (association
problem). As an approximation, ŝ can be greedily chosen, such that z̃(x, ŝ) refers to the source on the shape
that is “closest” to z. In consequence kz ¡ z̃(x, ŝ)k returns
16

As an advantage over SDMs, GAMs do not depend on
any known distribution p(s) at all, but at the cost of a
greedy association. This approximation was shown in
[7] to introduce a parameter bias in the estimate in the
presence of high noise. A second issue is that estimators
using GAMs usually require regularization as they do
not penalize overestimates [24].
4.3 Random Hypersurface Model
Combining the ideas from the SDM and the GAM,
we arrive at Random Hypersurface Models (RHMs) [2]
that inherit the advantages from both source models. In
detail, they depend less on the distribution of individual
sources and do not require regularization. To derive the
RHM, let us start with an SDM that is parameterized
by two indices s 2 S and t 2 T , i.e., pairs (s, t) iterate
through all possible sources z̃(x, s, t) 2 Z̃(x) for a given
state x. Let each source have a given probability p(s, t).
Then, marginalizing (s, t) out of p(z j x, s, t) an SDM can
be written as
Z Z
p(z j x, s, t) ¢ p(s, t)ds dt
(14)
p(z j x) =
S T
Z Z
=
±(kz ¡ z̃(x, s, t)k) ¢ p(s j t) ¢ p(t)ds dt:
S

T

The goal of using two indices is to choose their
parametrization such that for a given ti , iterating over
all sources z̃(x, s, ti ) with s 2 S refers to a reasonable
subshape we denote as Z̃(x, ti ). These subshapes, however, are not unique and can be defined in multiple
ways. Three illustrative examples are shown in 4(c—e)
and range from subshapes composed of a few discrete
points (Fig. 4(c)), over a scaled boundary (Fig. 4(d)) to
entire parts of the shape (Fig. 4(e)).
An RHM assumes that p(t) is known in advance
(SDM), i.e., the probability that a measurement originates from a specific subshape, while the probability of the individual source on the subshape is unknown and has to be determined greedily according
to p(s j t) = ±(s ¡ ŝt ) (GAM). Plugging p(s j t) into (10)
then lets us eliminate the integral over s
Z
(15)
p(z j x) = ±(kz ¡ z̃(x, ŝt , t)k) ¢ p(t)dt:
T
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Fig. 5. Symmetric points z 1 , z 2 , z 3 , and z 4 all lie inside or outside
of a symmetric shape. The aggregation function T(¢) transforms all
points z to their symmetric equivalents in the the non-redundant part
(orange).

Analogously to the GAM, it is common practice [2] to
substitute the expression kz ¡ z̃(x, ŝt , t)k with an implicit
shape function
gt (x, z) = min(kz ¡ z̃(x, s, t)k)
s2S

(16)

that additionally depends on t and returns the distance
to the subshape Z̃(x, t). Finally, by means of gt (¢), we
can rewrite the source model (15) to obtain the RHM
Z
p(z j x) = ±(gt (x, z)) ¢ p(t)dt:
(17)
T

REMARK 1 (Set-theoretic Ignorance)
In this work, we use the term set-theoretic ignorance
to denote that a source model greedily selects sources
from a (sub-)shape instead of assuming an individual
probability on each source, as these are assumed to
be unknown. As such, SDMs do not assume any settheoretic ignorance at all, while GAMs assume settheoretic ignorance over the entire shape. In RHMs, the
degree of set-theoretic ignorance depends on the extent
of the subshapes.
5 KEY IDEA
We will now discuss the key idea of applying symmetric simplification to source models p(z j x). While
there are many ways to describe symmetries, in this
paper we focus on symmetry as repetition. As such, a
symmetric shape can be seen as being generated by the
repeated transformation of a small part of the shape,
which we denote as the non-redundant part. Then, for
these shapes, we can find an aggregation function T(z)
that maps each point to its symmetric equivalent in the
non-redundant part. More formally, let T(¢) be an idempotent function, i.e., it always holds that T(T(z)) = T(z).
We say that a shape Z̃(x) is symmetric by T(¢) if for all
points z 2 Rd it holds that
z 2 Z̃(x) , T(z) 2 Z̃(x):

(18)

Fig. 6. Types of symmetry: rotational symmetry (a) and instances
of axial symmetry (b—e). The non-redundant part of each shape is
marked in orange. As an example, one source in each non-redundant
part and all symmetric equivalents is marked in red.

are symmetric too, i.e., it holds that
p(z j x) = p(T(z) j x):

(19)

Specifically, we will show that this identity holds when
a source model only has symmetric subshapes. Then,
by aggregating symmetric points according to T(¢), the
original domain Rd of the source model p(z j x) can be
reduced to the non-redundant part T(Rd ) of the domain.
This allows us to specify a source model exclusively
in the non-redundant part and use p(T(z) j x) in the
estimator. The desired simplification for the models in
the top row of Fig. 7 is illustrated in the bottom row.
As can be seen, all shape information is contained
in the non-redundant part, e.g., the first quadrant for the
2-axial symmetry.
6 CONSIDERED SYMMETRIES
Some shapes with corresponding symmetries are
visualized in Fig. 6. The non-redundant part of each
shape is marked in orange. In this work, we focus on
rotoreflections with 2n-fold rotation angle, which means
a shape is generated by reflecting its non-redundant part
with respect to n 2 N rotated axes that intersect in the
origin. This type of symmetry includes special cases
such as axial symmetries in Fig. 6(b—e), as well as radial
symmetry for n ! 1 (see Fig. 6(a)). Next, we derive
explicit formulas for appropriate aggregation functions
T(¢) for two and three dimensions.
6.1 2D Aggregation Function
When dealing with rotoreflections in 2D, polar coordinates offer a convenient representation. For conversion of a point z, given in Cartesian coordinates
z = [z1 , z2 ]T , the corresponding representation in polar
coordinates is defined as

In this case, we say that T(¢) is an aggregation function
of the shape Z̃(x), and its non-redundant part is given
by T(Z̃(x)). This relationship is illustrated in Fig. 5 for
a 2-axial symmetric shape.
The key idea is to exploit that under certain conditions, the presented source models for symmetric shapes

where μ(z) is the angle to the z1 -axis and r(z) is the
Euclidean norm of z. For a rotoreflection, its 2n-fold
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μ(z) = atan2(z2 , z1 ),
q
r(z) = z12 + z22 ,

(20)
(21)

Fig. 7. Overview of the proposed approach. The top row illustrates the considered source models. From the left to the right, the
set-theoretic ignorance in the model increases. The bottom row shows the simplified source models for the top row. Sources belonging to the
same (sub-)sets of the shape, are colored in brown and red, respectively.

rotation angle is given by
¼
£= ,
(22)
n
which means that each of the n axes of symmetry is
rotated about £. In terms of polar coordinates, we then
define the non-redundant part to lie in the period from 0
to £. Thus, the corresponding aggregation function T(¢)
should map all points onto their equivalents in this part.
Note that this mapping does not affect the radius r(z),
but rather it requires a modulo operation on the angle
μ(z) according to
¹
º
8
μ(z)
>
£)
if
>
mod(μ(z),
is even
<
£
μ(z, n) =
(23)
¹
º
>
>
: £ ¡ mod(μ(z), £) if μ(z) is odd:
£

Finally, an appropriate aggregation function can be defined as
¸
·
r(z) ¢ cos(μ(z, n))
:
(24)
T(z) =
r(z) ¢ sin(μ(z, n))

Special Cases: The general aggregation function (24)
for rotoreflections includes several special cases. For
example, given a reflectional symmetry with respect to
the z2 -axis (see Fig. 6(e)), the non-redundant part is a
half-plane, and the aggregation function
T(z) = [jz1 j, z2 ]T

(25)

aggregates points z, according to its absolute values j:j in
z1 . Analogously, the aggregation function for a 2-axial
symmetry (see Fig. 5 and Fig. 6(d)) maps each point z
to the first quadrant, according to
T(z) = [jz1 j, jz2 j]T :
18

(26)

A rotoreflection with n ! 1 axes causes the nonredundant part to collapse into a ray, e.g., the positive
z1 -axis, where the aggregation function can be written as
T(z) = [kzk, 0]T ,

(27)

and maps each point z to this axis, according to its
distance k:k to the origin.
6.2 3D Aggregation Function
For rotoreflections in 3D, cylindrical coordinates are
chosen. The conversion of a point z given in Cartesian
coordinates z = [z1 , z2 , z3 ]T is very similar to the 2D case.
First, (20) can be used to derive polar coordinates from
z1 and z2 and second, the height component is directly
given by z3 . Introducing an additional symmetry in 3D
can be achieved by taking the absolute value of z3 . Then,
an aggregation function with reflectional symmetry in
the height can be defined as
3
2
r(z) ¢ cos(μ(z, n))
7
6
(28)
T(z) = 4 r(z) ¢ sin(μ(z, n)) 5 :
jz3 j

7 SIMPLIFICATION BASED ON SYMMETRY
In this section, we derive a simplification scheme for
the presented source models, given that a target object
has a known rotoreflectional symmetry. To achieve this
goal, we investigate the symmetric properties of the different models p(z j x) and show how to take advantage
of it. In doing so, we begin with the GAM, which allows
for the simplest simplification, and subsequently look at
the RHM and the SDM.
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7.1

Simplified Greedy Association Model

Let the source model of an object with state x and
shape function g(¢) be specified by the GAM p(z j x) =
±(g(x, z)). Further, let the object shape have a known
rotoreflectional symmetry described by the aggregation
function T(¢). Examining the symmetric properties of
this source model refers to examining those of the shape
function. As g(¢) returns the minimum distance from
points z 2 Rd to the shape Z̃(x), it produces equal values
for all symmetric equivalents of z. Specifically, it holds
that
g(x, z) = min(kz ¡ z̃(x, s)k)
s2S

(29)

s2S

which immediately implies that the GAM (13)
(30)

is symmetric too. From this follows that in practice the
shape function g(¢) needs to be evaluated only in the
non-redundant part T(Rd ) of the domain Rd .
As simplification, we propose to substitute the original shape function g(¢) with a simplified shape function g ¤ (¢), which is exclusively defined in the nonredundant part of the domain. For this purpose, let the
indices s¤ 2 S ¤ with S ¤ μ S refer to sources in the nonredundant part z̃(x, s¤ ) 2 T(Z̃(x)) according to
S := fs 2 S j T(z̃(x, s)) = z̃(x, s)g:

(31)

Then a simplified shape function is given by
(kT(z) ¡ z̃(x, s¤ )k)
g ¤ (x, z) := min
¤
¤
s 2S

(32)

that internally performs the aggregation T(¢) and can be
employed to define a simplified GAM
p(z j x) = ±(g ¤ (x, z)):

(33)

Note that this simplification does not introduce any error
at all in the source model, as it only exploits the fact
that distances from symmetric points to a symmetric
shape are equal. For this reason, we can encapsulate all
symmetric considerations in the shape function.
7.2

(35)

From this can be concluded that, given all subshapes
are symmetric, the RHM (17)
Z
(36)
p(z j x) = ±(gt (x, z)) ¢ p(t)dt
T
Z
= ±(gt (x, T(z))) ¢ p(t)dt
= p(T(z) j x)

= g(x, T(z)),

¤

gt (x, z) = gt (x, T(z)):

T

= min(kT(z) ¡ z̃(x, s)k)

p(z j x) = ±(g(x, z)) = ±(g(x, T(z))) = p(T(z) j x)

When looking at the example RHMs from Fig. 4, subshapes in (c) and (d) are symmetric, while the subshapes
in (e) are not. Then, all symmetric considerations (29)
from the GAM apply to the symmetric subshapes Z̃(x, t)
and yield the identity

Simplified Random Hypersurface Model

Let the source model p(z j x) of an object x with
shape function gt (¢) and distribution p(t) be specified by
the RHM (17). This means that the shape is composed of
subshapes Z̃(x, t), where each of them is specified by the
shape function gt (¢). Furthermore, let the object shape
have a known rotoreflectional symmetry described by
the aggregation function T(¢). In order to apply symmetric simplification, we require each of the subshapes
Z̃(x, t) to be symmetric with respect to a given aggregation function T(¢), i.e., for all points z it shall hold
that
(34)
z 2 Z̃(x, t) , T(z) 2 Z̃(x, t):
SYMMETRIES IN BAYESIAN EXTENDED OBJECT TRACKING

is also symmetric. In turn, the shape function gt (¢)
needs to be evaluated only in the non-redundant part
of the domain T(Rd ), which gives rise to the same
simplification technique as applied to the GAM. We
propose to substitute the original shape function gt (¢)
with a simplified version
gt¤ (x, z) := min
(kT(z) ¡ z̃(x, s¤ , t)k)
¤
¤
s 2S

(37)

that only needs to be evaluated in the non-redundant
domain T(Rd ). Then, the simplified RHM is given by
Z
p(z j x) = ±(gt¤ (x, z)) ¢ p(t)dt:
(38)
T

Again, this simplification does not introduce any error
at all, as it only exploits the fact that distances from
symmetric points to a symmetric (sub-)shape are equal.
7.3 Simplified Spatial Distribution Model
Let the source model p(z j x) of an object with x with
distribution p(s) over the sources z̃(x, s) be specified by
the SDM (10). Furthermore, let the object shape have
a known rotoreflectional symmetry described by the
aggregation function T(¢). It can be seen that for (10) in
general p(z j x) and p(T(z) j x) do not produce identical
results as
kz ¡ z̃(x, s)k 6= kT(z) ¡ z̃(x, s)k:

(39)

In consequence, an SDM as defined in (10) cannot
be simplified using the proposed technique, which is
indicated in Fig. 7. In order to allow for simplification,
we propose to approximate the SDM by an RHM that
uses symmetric subshapes and then simplify this RHM.
Creating Symmetric Subshapes: We can use T(¢) to
create symmetric subshapes by taking a source z̃(x, s¤ )
with s¤ 2 S ¤ that lies in the non-redundant part and then
collect all sources T(z̃(x, s)) being mapped to this source.
We denote the corresponding subshape as Z̃(x, s¤ ) and
define the equivalence class of indices, which contains
the indices of all sources in the subshape according to
[s¤ ] := fs 2 S j T(z̃(x, s)) = z̃(x, s¤ )g:

(40)
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The illustration of the left RHM in the first row of
Fig. 7 shows an example of these subshapes. Note that
per definition, only a single point of each subshape
lies in the non-redundant part (see Fig. 6). Based on
these subshapes, the original SDM (10) can now be
approximated by an RHM.
Approximating SDM by RHM: In order to define the
desired RHM, we need to specify a shape function
gs¤ (x, z) that returns the minimum distance from a point
z to a subshape Z̃(x, s¤ ), as well as the distribution p(s¤ ).
An appropriate shape function is given by
gs¤ (x, z) = min¤ (kz ¡ z̃(x, s)k):
s2[s ]

(41)

The distribution p(s¤ ) specifies the probability that a
source within the subshape Z̃(x, s¤ ) is measured and can
be calculated by integrating the individual probabilities
according to
Z
p(s)ds:
(42)
p(s¤ ) =
[s¤ ]

In a preliminary step, let us plug the sensor model
(8) in the likelihood from (7) and rearrange it to
Z Z
p(y j x) =
p(y j z, w) ¢ p(w)dw p(z j x)dz
(45)
Rd Rd
Z Z
=
±((y ¡ w) ¡ z) ¢ p(w)dw ¢ p(z j x)dz:
Rd

Rd

As a reminder, y is a point measurement and w is a noise
variable which describes the sensor uncertainty. Then,
as in the previous section, we begin our considerations
with the simplest model, i.e., the GAM. Plugging the
simplified GAM p(z j x) from (33) into the rearranged
likelihood (45) yields
Z Z
p(y j x) =
±((y ¡ w) ¡ z) ¢ p(w)dw ¢ ±(g ¤ (x, z))dz
Rd Rd
Z
=
±(g ¤ (x, y ¡ w)) ¢ p(w)dw,
(46)
Rd

¤

Using the shape function gs¤ and the distribution p(s )
the RHM from (17) can then be rewritten to
Z
±(gs¤ (x, z)) ¢ p(s¤ )ds¤ :
(43)
p(z j x) =
S¤

Simplifying the RHM: At this point, we arrived at an
RHM that uses symmetric subshapes, which in turn lets
us substitute the original shape function gs¤ (¢) with a
simplified version
gs¤¤ (x, z) = kT(z) ¡ z̃(x, s¤ )k

(44)

that only needs to be evaluated in the non-redundant
part T(Rd ) of the domain Rd . We will denote (43) as
simplified SDM.
When comparing the simplified SDM (43) to the
original SDM (10), there are two differences. First, the
aggregation of symmetric sources has introduced a settheoretic ignorance, as the model only allows distinct
probabilities for subshapes Z̃(x, s¤ ), where sources in
the subshapes are associated greedily. Second, the integration variable s¤ of the RHM has a reduced domain
compared to the original integration variable s of the
SDM. When using a sample-based filter, this reduction
yields a higher effective sample resolution, which improves the estimation result.
It is important to note that, in practice, the simplified
source models in the bottom row of Fig. 7 can be used
directly without having to model the traditional versions
from the top row.

where the integral over z was eliminated by applying
the sifting property. Again, it is important to note that
all symmetric considerations are encapsulated in the
simplified shape function g ¤ (¢) that internally applies
the aggregation function to y ¡ w in order to calculate
its distance to the shape.
Usually, the shape function g ¤ (¢) will be defined
in object coordinates while measurement minus noise
(y ¡ w)W is given in world coordinates. In order to deal
with this issue, the conversion technique from (4) can be
applied (y ¡ w)O = H(x, (y ¡ w)W ). Then, the likelihood
can be written as
Z
p(y j x) =
±(h(x, y, w)) ¢ p(w)dw,
(47)
Rd

where h defines a nonlinear implicit measurement equation of the form
0 = h(x, y, w) := g ¤ (x, H(x, y ¡ w)):

We will now derive a Bayesian estimator that takes
advantage of the symmetric considerations of the previous section. For this purpose, we derive likelihoods
based on the simplified source models and then show
how the measurement update can be implemented using
a Linear Regression Kalman Filter.

(48)

Within this implicit function, the original measurement
y acts as an additional function parameter, w is a nonadditive noise variable, and 0 is an artificial pseudomeasurement.
Likewise, the likelihood based on the simplified
RHM (33) can be derived as
Z Z
±(h(x, y, w, t)) ¢ p(t) ¢ p(w)dw dt: (49)
p(y j x) =
Rd

T

In this case, the implicit measurement equation
0 = h(x, y, w, t) := gt¤ (x, H(x, y ¡ w)))

8 DERIVING THE ESTIMATOR

20

8.1 Likelihoods and Measurement Equations

(50)

additionally depends on a second non-additive noise
variable t. Substituting t with s¤ in the formulas (49)
and (50) yields the simplified SDM.
Unfortunately, it is usually not possible to evaluate
the required integrals in the likelihoods and, in turn,
the measurement update step analytically. Still, there are
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techniques available that can be applied in order to derive an approximate update, such as, e.g., Monte Carlo
integration [9], [18]. Of particular interest are Linear
Regression Kalman Filters (LRKF) such as the Unscented Kalman Filter (UKF) [10], or the Smart Sampling Kalman Filter (S2 KF) [23], which were successfully applied to extended object tracking [1—4], [6].
8.2

Linear Regression Kalman Filter

We now provide instructions and formulas to implement an approximate sample-based Bayes’ update
[10], [23] for a (simplified) RHM. Alg. 1 shows the resulting Kalman formulas, where the measurement mean
¹h , measurement covariance Ch and state-measurement
cross-covariance Cxh are obtained through deterministic sampling (statistical linearization). It is important to
note that besides state x and measurement noise w, the
index t is modeled as a random variable and, thus, subject to sampling. This algorithm can easily be adjusted
to derive updates for (simplified) GAMs and SDMs by
either dropping the noise parameter t or substituting it
by s¤ .
ALGORITHM 1 Sample-based Bayes’ update for a (simplified) RHM.
input: prior distribution of state p(x), and noise p(w),
p(t), measured point y
output: posterior distribution of state p(xe )
begin
draw L samples f[xTl , wTl , tl ]T gLl=1 from the joint
distribution p([xT , wT , t]T );
calculate sample mean ¹h , sample covariance Ch
and sample cross-covariance Cxh according to
L

¹h =

1X
h(xl , y, wl , tl ),
L
l=1

Ch =

1
L

L
X
l=1

h(xl , y, wl , tl )2 ¡ ¹2h ,

L
1X
Cxh =
(h(xl , y, wl , tl ) ¡ ¹h ) ¢ (xl ¡ ¹x )T ;
L
l=1

calculate posterior
¹ex = ¹x + K¹h
Cex = Cx ¡ KCh KT

with Kalman gain K = Cxh C¡1
h ;
return p(xe ) = N (¹ex , Cex )

does not require any adaptions to the filter being used.
In consequence, Alg. 1 can be applied to derive the
measurement update, using the common source models
as well as their simplified versions, simply by switching
the measurement function.
REMARK 3 (Generalization)
The proposed approach is a general solution to exploit
symmetries in the measurement function and is not
restricted to shape estimation. Specifically, whenever an
implicit measurement equation of the structure
0 = h(x, ®)

(51)

is given, and for all ® the identity
h(x, ®) = h(x, T(®))

(52)

holds, then h(¢) can immediately be substituted by an
alternative function h¤ (¢) that only needs to be defined
in a reduced domain T(¢).
For example, if the shape color is symmetric with
respect to the object geometry, we can easily add a color
vector c to a spatial point vector z and apply aggregation
in the form of T([z T , cT ]T ) that maps the spatial dimensions to its equivalent in the non-redundant part while
leaving the color untouched. This generalization also
applies to measurements related to curvature or other
features, as long as they are symmetric with respect to
the object geometry.
REMARK 4 (Benefits)
The proposed approach allows for modeling an entire
shape by solely specifying it in the non-redundant part
of the domain, which then is “unfolded” to obtain
the entire domain. In turn, each measurement forces
the estimator to adjust the shape in the entire domain.
Depending on the specific source model, shape, and its
parametrization, symmetric simplification allows for
² introducing symmetry constraints upon the estimated
shape,
² modeling a more detailed shape while maintaining or
even reducing the number of shape parameters,
² reducing the overall complexity by reducing the domain of integration variables, and
² increasing robustness against partial occlusion.
Next, we demonstrate the proposed approach by
means of two illustrative examples.
9 EXAMPLE 1: STICK OBJECT

REMARK 2 (Usability)
As all symmetric considerations are encapsulated in the
shape function, the proposed simplification approach

A stick object is a one-dimensional line segment,
usually embedded in a higher-dimensional space. We
will first derive a simplified source model for the onedimensional space, and then show a straightforward way
to extend this model into higher dimensional space.
According to (1), the state x of an object is separated
into pose xpose and shape xshape . For the source model,
the stick is modeled as being centered on the origin.
Pose will be incorporated in the measurement function.
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end
8.3

Discussion

Based on these derivations, we can conclude several
remarks.

Fig. 8. Difference between modeling the stick without (a) and with
(b) symmetry.

The only required shape parameter refers to the size of
the stick, which is represented by the distance xshape = r
from the center to the edge, i.e., 2 ¢ r is the stick length.

Fig. 9. The polar function R(μ) specifies a radius for each angle μ.
The correspondence between polar function and shape contour is
marked for a given μ1 .

9.1

Simplifying the RHM: An appropriate simplified
shape function gs¤¤ (x, z), which only needs to be specified on the positive z-axis and returns 0 for subshapes
Z̃(x, s¤ ) is given by gs¤¤ (x, z) = jzj ¡ s¤ ¢ r. This shape
function yields the measurement function

No Symmetry

Common approaches [1], [9], [24] use an SDM (9)
for the stick (see Fig. 8(a)), where the shape Z̃(x) is
parameterized by the sources
z̃(x, s) = s ¢ r

(53)

with s 2 [¡1, 1]. Within this parametrization z̃(x, ¡1) =
¡r specifies the left edge of the stick, and z̃(x, 1) = r
specifies the right edge, respectively. If the sources are
assumed to be uniformly distributed along the stick,
the parameter s follows a uniform distribution p(s) =
U[¡1, 1]. A measurement function is then given by
h(x, y, w, s) = H(x, (y ¡ w)) ¡ s ¢ r,

(54)

where H(x, (y ¡ w)) converts points y ¡ w to object coordinates. Even though this model is simple, it has the
drawback that estimators based on the linear Gaussian
assumption [10], [23] are not capable to estimate r when
simultaneously estimating the pose [1], as an effect of
the linearization. They propose a quadratic extension,
in order to design a modified measurement function
that overcomes this issue. However, even this approach
only works when using advanced filters such as the
S2 KF [23].
9.2

(55)
¤

= jH(x, (y ¡ w))j ¡ s ¢ r,
which can be immediately used in Alg. 1. It is interesting to compare the measurement functions of the common stick SDM (54) and its simplified version (55). Besides the different integration variables, they only differ
in the sense that the simplified SDM additionally requires taking an absolute value. The benefit of using this
modified model with a sample-based estimator is that s¤
only has to be sampled in [0, 1] instead of [¡1, 1]. This
results in doubling the effective sample resolution.
Extension to Two-Dimensional Space: In two-dimensional space, as seen from the object frame, the stick
represents a segment parallel to the z1 -axis that is centered on the origin. Extending the measurement function
(54) is straighforward and yields
·
¸ · ¸
gs¤ (x, (y1 ¡ w1 )O )
0
¤
h(x, y, w, s ) =
=
,
(56)
O
(y2 ¡ w2 )
0
where [(y1 ¡ w1 )O , (y2 ¡ w2 )O ]T = H(x, y ¡ w) represents
points transformed into object coordinates using H.

1-axial Symmetry

We now propose a novel model that can be used
for simultaneously estimating shape and pose even with
a standard UKF [10]. This model can be obtained by
approximating the common SDM by a simplified SDM,
which exploits the 1-axial symmetry of the stick.
Specifying Aggregation Function: This symmetry can
be described by the aggregation function T(z) = jzj as
for all sources z̃(x, s) on the stick, it follows that jz̃(x, s)j
also lies on the stick. Based on T(¢), the non-redundant
part of the stick then falls on the positive z-axis, where
the sources are indexed by S ¤ = [0, 1].
Creating Symmetric Subshapes: The equivalence
class of indices is given by [s¤ ] = f¡s¤ , s¤ g which generates subshapes Z̃(x, s¤ ) = f¡s¤ ¢ r, s¤ ¢ rg that all consist
of two opposing sources, as illustrated in Fig. 8(b). As
we assumed the occurrence of sources to be uniformly
distributed p(s) = U[¡1, 1], the distribution of the subshapes, according to (42), is also uniformly distributed
p(s¤ ) = U[0, 1].
22

h(x, y, w, s¤ ) = gs¤¤ (x, H(x, y ¡ w))

10

EXAMPLE 2: STAR-CONVEX OBJECT

In [3], an RHM was proposed that models objects
with a complex star-convex shape in R2 . Star-convex
means that there is a point within the shape, where each
line segment to any point on the boundary remains in
the shape. This allows for a convenient representation
by means of a polar function R(μ) that gives the radius
for a given angle μ from 0 to 2¼, as illustrated in Fig. 9.
In [3], the radius function R(μ) is implemented by means
of a Fourier series
μ
μ
¶
¶
M
X
a
2¼
2¼
R(x, μ) = 0 +
am cos m μ + bm sin m μ :
2
P
P
m=1
(57)
This superposition of cosine and sine functions (with
P = 2¼) is weighted by a list of 2M + 1 coefficients that
form the shape vector xshape = [a0 , a1 , b1 , : : : , aM , bM ]T .
The number of coefficients determines the degree of
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Fig. 10. Difference between modeling a star-convex shape without
(a) and with (b) symmetry.

shape detail the corresponding polar function is capable
to encode. For example if M = 0, then R(x, μ) = a0 =2 is
independent of μ and specifies the constant radius of a
circle.
As we deal with polar functions, in this section,
we will occasionally use polar coordinates for points
z 2 R2 , i.e., the radius r(z), and angle μ(z).
10.1 No Symmetry
In [3], a shape Z̃(x) was partitioned into subsets
Z̃(x, t), resulting in an RHM according to (17) with
shape function
gt (x, z) = r(z) ¡ t ¢ R(x, μ(z)):

(58)

For each parameter t 2 [0, 1], the shape function determines a set Z̃(x, t) that corresponds to a scaled boundary. Fig. 10(a) shows a visualization for t = 0:5 from the
shape considered in Fig. 9. When measurement sources
are assumed to be uniformly distributed over the object,
then it holds that p(t2 ) = U[0, 1].
10.2 2-axial Symmetry
For a given shape, let us assume that prior knowledge is available about it having a 2-axial symmetry.
We can derive a simplified RHM (38) by specifying
an aggregation function and deriving a simplified shape
function.
Specifying Aggregation Function: The 2-axial symmetry refers to an aggregation function according to
(24) with n = 2 that results in the special case T(z) =
[jz1 j, jz2 j]T , i.e., it maps each point to its symmetric
equivalent in the first quadrant. In consequence, the corresponding angles μ(z, n) in polar representation lie between 0 and ¼=2, as illustrated in Fig. 11.
Simplifying the RHM: Due to the 2-axial symmetry
only one fourth of the shape has to be modeled by
the radius function (see Fig. 10(b)). In order to take
advantage of this reduced domain, we can change the
period of the Fourier series from P = 2¼ to P ¤ = 2¼=n.
Then, let R ¤ (x, μ) be a radius function (57) with the
adjusted period P ¤ . The simplified model has the shape
function

Fig. 11. Star-convex object with 2-axial symmetry, represented by
a polar function. The non-redundant part of the boundary is colored
orange.

The corresponding measurement function that incorporates the pose then becomes
h(x, y, w, t) = gt¤ (x, T(H(x, y ¡ w)))
O

¤

(60)
O

= r((y ¡ w) ) ¡ t ¢ R (μ((y ¡ w) , n)) = 0,
which can be immediately used in Alg. 1. The simplification has the benefit that the shape parameters only
need to specify the shape in one fourth of the spatial
domain, which in turn reduces the complexity of the
estimation problem.
REMARK 5 (Number of Coefficients and Symmetries)
A crucial challenge when designing an estimator based
on a symmetric star-convex model is to find the number
of coefficients and symmetries which reflect best the geometry of the underlying object. These concepts are not
independent from each other, as increasing the number
of symmetries yields a higher shape detail while maintaining the same number of coefficients. As such, even
when an object is not perfectly symmetric, assuming
symmetry anyway can yield an improved shape estimate. However, then the estimator finds parameters of
an intermediate symmetric shape and loses the ability of
a perfect shape estimate. In order to explore this tradeoff, the evaluation in Sec. 11.2 includes an extensive
analysis related to varying number of coefficients and
symmetries.
As another short remark, note that it would also
have been possible to enforce symmetry by constraining
the coefficients of the Fourier series. However, these
considerations would be out of the scope of this work,
as our intention is to demonstrate the universality of the
proposed simplification approach.
11

EVALUATION

(59)

In this section, we evaluate the proposed approach
by means of a simulated tracking scenario. Our intention is to investigate the effect of applying symmetric
simplification to the common models from the previous
examples. As such, we exclusively focus in this work on
comparing estimators based on a common non symmetric model with its symmetric version. As an example,
we chose tracking the symmetric airplane object from
the motivating example in Fig. 1 while following the
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gt¤ (x, z) = r(z) ¡ t ¢ R ¤ (x, μ(z, n)),

TABLE I
Compared approaches in the stick tracking experiment.

no symmetry (quad. extension) [1]
1-axial symmetry

Fig. 12. Evaluation Scenario: plane object moves along the dashed,
gray path with constant speed. This path is composed of three
straight, and two circular parts. The labels A—D mark changes
between the different motion parts.

Fig. 13. Few measurements from fuselage with high noise for the
stick evaluation (a). Many measurements from entire plane with low
noise for the star-convex evaluation (b). Measurement sources are
marked by red circles, measurements by blue crosses.

path depicted in Fig. 12. The object moves with constant speed and is observed by a simulated sensor. The
evaluation is divided into two parts, consisting of a low
information scenario using a stick model (Sec. 9), and
a high information scenario using a star-convex model
(Sec. 10). In the following, we differentiate between the
common approach without using any symmetry and the
proposed approach, which incorporates the given symmetries.
Sensor: For the low information scenario using the
stick model, we implemented a sensor that obtains one
to five measurements each time step uniformly from the
fuselage of the airplane. The number nk of measurements is uniformly drawn from f1, : : : , 5g. The fuselage
has a size of 100 m length and 20 m meters width,
and its measurement sources are uniformly distributed
on its extent. During observation, these measurements
are corrupted with high noise, modeled as zero-mean
Gaussian noise according to N (0, 102 ¢ I).
For the high information scenario based on the more
detailed star-convex model, the sensor obtains ten to
twenty measurements each time step uniformly from
the entire plane, which has a size of 100 m length and
90 m width. Again, the number nk of measurements is
uniformly drawn from f1, : : : , 20g. Then, these measurements are disturbed using zero-mean Gaussian noise
according to N (0, 100 ¢ I). Example measurements from
both sensors are illustrated in Fig. 13.
Pose and Motion: In order to reflect the authentic
behavior of a plane, the path in Fig. 12 was chosen to
switch between straight and circular movements. The
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UKF [10]

S2 KF [23]

common-1
proposed-1

common-2
proposed-2

speed was chosen to be about 50 m per time step so that
it takes 400 time steps to complete one run. At each time
step k, the pose model uses a rigid transformation where
the parameters to be estimated are xpose
= [Ák , tTk ]T , with
k
2
Ák as the orientation angle, and tk 2 R as the translation
vector.
In addition, we use a motion model that assumes a
constant speed and a constant turn rate, similar to [21].
This model requires estimating two further state parameters, xmotion
= [Á_ k , vk ]T , where Á_ k is the angular speed,
k
and vk is the object speed. The velocity is then assumed
to be the vector [1, 0]T rotated by the orientation Ák
and scaled by the magnitude vk . We do not employ any
switching structure.
11.1 Tracking Stick Object
First, we look at the low information scenario
with the stick model. We compare the common approach from [1] to the modified approach that exploits the 1-axial symmetry, both explained in Sec. 9.
Both models require estimating the shape parameter
= rk . The combined state parameters form the
xshape
k
)T , (xshape
)T , (xmotion
)T ]T . From
6 £ 1 vector xk = [(xpose
k
k
k
the initial measurements, where we required a minimum of two points, xpose
was determined by to0
tal least squares, rk from xshape
was set to half of
0
the distance between the farthest points, and xmotion
0
was initialized to 0. The initial state covariance matrix was set to Cx = diag(10¡2 , 103 , 103 , 10, 10¡3 , 10).
0
The system covariance matrix was set to the constant
diag(10¡9 , 10¡7 , 10¡7 , 1, 10¡6 , 10¡3 ). Then, 100 runs of
the experiment were performed.
We compare two sample-based estimators, both
based on the common model and the proposed model,
as depicted in Tab. I. The UKF was implemented according to [10], using two samples per dimension plus
one, and parameters ® = 1, ¯ = 0, · = 1=2. The S2 KF
was implemented according to [23] using five samples
per dimension.
Results: The root mean squared errors (RMSEs) for
position, angle and stick length are depicted in Fig. 15.
In the estimated pose parameters, all approaches show
a quite similar performance, i.e., about 4 m position
error and 3± orientation error. Note that all estimators
need some time steps to adapt to the motion changes
at A, B, C, and D, as we do not use any switching
motion models. As an important result, it can be seen
that “proposed-1” and “proposed-2” both perform better
in estimating the length of the stick. As can be seen
in Fig. 15(c), the common SDM [1] imposes special
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Fig. 14. Estimation result of the star-convex shape when using 13 Fourier coefficients for selected time steps.

Fig. 15. Evaluation of the stick object.

Next, we performed the high information experiment using the star-convex models presented in Sec. 10.
We compare the common RHM-approach from [3] to

the modified approach based on a simplified RHM that
assumes different axial symmetries. In addition, we varied the amount of Fourier coefficients in order to investigate their effects on the estimation result. Specifically,
we set up models with “no symmetry,” “1-axial symmetry,” and “2-axial symmetry,” each with M = 3, 5, 7,
9, 11, 13, and 15 coefficients, respectively.
A UKF [10] with equal parametrization as in the previous scenario was used for estimating the parameters of
all models. The combined state parameters form the (5 +
M) £ 1 vector xk = [(xpose
)T , (xshape
)T , (xmotion
)T ]T . From
k
k
k
the initial measurements, where we required a mini-
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requirements to the filter being used, as “common-2”
estimates the length correctly and “common-1” does
not. In contrast, the simplified SDM in “proposed-1”
and “proposed-2” has no special requirements to the
filter being used. This is a significant improvement,
especially because the simple UKF in “proposed-1” also
outperforms the advanced S2 KF in “common-2.”
11.2 Tracking Star-convex Object

Fig. 16. Evaluation of the star-convex object with 3 Fourier coefficients.

Fig. 17. Evaluation of the star-convex object with 5 Fourier coefficients.

Fig. 18. Evaluation of the star-convex object with 7 Fourier coefficients.

mum of two points, xpose
was determined as follows.
0
The mean of the points was used as t0 , and the orientation was set to μk = 0. For xshape
, the first Fourier
0
coefficient was set to half of the distance between
the farthest points, and all others to zero, which corresponds to a circle with mean t0 and radius given
was initialized
by the first coefficient. Again xmotion
0
with 0. The initial state covariance was set to Cx =
0
diag(10¡1 , 103 , 103 , 10¡1 , : : : , 10¡3 , 10). The system covariance matrix was set to the constant diag(10¡6 , 10¡2 ,
10¡2 , 10¡6 , : : : , 10¡6 , 10¡2 ). Then, 100 runs of the experiment were performed.
Results: In order to compare estimation results of
the different approaches we chose the “intersection
over union” [5], where we calculated an RMSE from
26

1 ¡ (intersection=union). Its values range from 1 to 0,
where 0 means no intersection of the estimate and the
groundtruth and 0 means a perfect match. The behavior of this error, as shown Fig. 16—22(a), indicates
the convergence behavior of the shape, as well as the
position. The estimation process over a run is illustrated in Fig. 14(a,c,e). Representative shape estimates
after a single run are depicted in Fig. 16—22(c), respectively. In addition, Fig. 16—22(b) shows the RMSE
of the estimated heading angle. All approaches initially converge no later than time step A and, particularly, we did not observe any run, where the estimator diverged. The increased error at time steps A,
B, C, D, are caused by the changing motion of the
plane.
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Fig. 19. Evaluation of the star-convex object with 9 Fourier coefficients.

Fig. 20. Evaluation of the star-convex object with 11 Fourier coefficients.

Fig. 21. Evaluation of the star-convex object with 13 Fourier coefficients.

Fig. 22. Evaluation of the star-convex object with 15 Fourier coefficients.
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Let us now discuss the trade-off between number
of coefficients and symmetries, as mentioned in Remark 5. The proposed approach with 1-axial symmetry outperforms the common approach for all numbers
of coefficients. Introducing the second symmetry axis
yields a benefit over the 1-axial approach up to seven
coefficients as the additional symmetry results in the
capability of capturing a higher degree of shape detail
while maintaining the number of parameters. This can
particularly be seen in Fig. 16(c), where the 2-axial finds
a reasonable shape when using only three Fourier coefficients. The 1-axial model (and the common approach)
are not capable of representing the shape before five
(seven respectively) parameters are introduced.
However, for the case when a higher number of
Fourier coefficients is used, the 1-axial model steadily
outperforms the 2-axial model, as the underlying shape,
i.e., the plane, has only a 1-axial symmetry. Note that
the 2-axial approach is never capable of estimating the
shape correctly, as it always converges to an intermediate shape. For the common approach, it is worth pointing out that the estimated result never displays any of
the underlying symmetries. Again, it should be noted
that, as with the stick, incorporating symmetry into the
star-convex model yields a superior tracking result while
only marginally changing the generative model.
Results Under Partial Occlusion: In order to evaluate
the effect of using symmetries in the presence of occlusion, we modified the high information scenario by
removing all measurements from the left wings of the
plane. Qualitative results are shown in Fig. 14(b,d,f).
As expected, the common approach estimates a nonsymmetric shape without the left wings. In contrast, the
proposed approaches impose symmetric constraints and,
thus, estimate shapes which have wings on both sides.
It is remarkable that the symmetry axes are found, even
though there are no measurements from the left side at
any time. This is due to the fact that the model assumes
symmetry with respect to the direction of velocity.

The benefit to expect is proportional to the reduction of the spatial extent from the entire shape to the
non-redundant part.
2. Simplifying SDMs additionally requires aggregating symmetric sources and their individual probabilities. This aggregation turns the SDM into an RHM
that achieves a higher spatial sample resolution in
sample-based filters. The benefit is again in the same
order of magnitude, as it also depends on the ratio
between the spatial extent of the entire shape and its
non-redundant part.
Both simplifications reduce the complexity of the
estimation problem and yield an improved estimation
result, as we illustrated by means of two examples: A
simple stick object and a star-convex object. In particular, we showed that applying the proposed simplification
to a common stick model yields an RHM that can be
used with a UKF, while the original model requires a
more advanced filter. In numerical terms, the proposed
new stick RHM reduces the length error about 60%.
Using the symmetric star-convex model in the considered scenario reduces the orientation error up to 50%,
and the shape error up to 30%, depending on the number of Fourier coefficients. As an additional benefit, we
showed that our approach uses measurement information from visible parts of the object in order to infer the
shape of occluded, symmetric counterparts.
Future research will include a closer look at the
effect that object symmetries have in the estimated state
density, particularly in the form of multiple modes.
Incorporating a mechanism that automatically chooses
the appropriate type of symmetry, e.g., based on a
symmetric descriptor [11], is also an interesting research
topic. Finally, it is also worth exploring and evaluating
other types of symmetry, e.g., periodicity, in order to
simplify source models for a wider spectrum of shapes.
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THE QUICK AND DIRTY IMPLEMENTATION

Simulating Aerial Targets in
3D Accounting for the Earth’s
Curvature
DAVID FREDERIC CROUSE

The mapping of a flat-Earth, continuous-time dynamic model to a curved-Earth is embodied in the
rewritten drift function of (33), which rewrites the
function in terms of new, rotating bases. Readers who
want to quickly map continuous-time flat-Earth dynamic models quickly to an ellipsoidal Earth approximation without going through the details of the mathematics can skip to the algorithmic summary in Fig. 6.
The flat-Earth dynamic model should consist of, at a
minimum, position and velocity components as in (6).
I. INTRODUCTION

Most dynamic models for target tracking are derived for a
flat Earth. When simulating the trajectories of targets over long
ranges, the curvature of the Earth becomes important. This paper
demonstrates how most nonlinear, 3D, continuous-time, flat-Earth
dynamic models can be easily adapted for use on a curved Earth
without incorrectly spiraling into the poles as is typical of previous
techniques. The algorithm is demonstrated with flat-Earth nonmaneuvering, turning, weaving, and spiraling dynamic models. The
underlying technique can also compute geodesic curves on or above
the Earth in a singularity-free manner when used with a nonmaneuvering dynamic model.

Manuscript received July 16, 2014; revised October 29, 2014; released
for publication October 30, 2014.
Refereeing of this contribution was handled by Huimin Chen.

The modeling of aerospace vehicle dynamics with
varying degrees of freedom and accounting for the
Earth’s gravity has been extensively studied, for example in [84], where a number of models are presented. However, such curved-Earth target models often require knowledge about basic aircraft aerodynamic
parameters, such as the lift, thrust, and drag. On the
other hand, target tracking algorithms in radar systems must be able to maintain track on targets with
known aerodynamic models as well as on targets that
cannot be identified. Thus, a number of lower-fidelity
dynamic models, such as those surveyed in [40] and
[41], are commonly used in tracker simulations. These
low-fidelity simulations can often be defined using a
number of simple parameters, like the limits on the
speed, turn rate, range and ceiling of three well-known
fighter aircraft shown in Table I. The simulations in Section V use these bounds to justify the realism of the
simulated scenarios. Unfortunately, most of the nonballistic models in [40] as well as the ballistic models in [41] and [83, Ch. 8, 9] are made ignoring the
curvature of the Earth. When tracking targets using
networked radars, the curvature and undulation of the
Earth can become significant. For example, if a flatEarth dynamic model is propagated over a long distance, a target in level flight under a flat-Earth dynamic model will tangentially depart a curved Earth.
This paper derives a technique for using arbitrary,
nonlinear, continuous-time, deterministic, flat-Earth dynamic models on a curved Earth that mitigates this
error.
TABLE I
A number of basic parameters for Russian MiG-29, the Chinese and
Pakistani FC-1, and the American F-16 fighter aircraft are taken
from [30] and [75] (No specific model of F-16 is used). The
parameters listed above are not sufficient for high-fidelity modeling
of the aerodynamics of the aircraft, but can set bounds for simple
models when testing tracking algorithms.

This paper is an extended version of the conference paper [11].
Author’s address: Naval Research Laboratory, Radar Division, Code
5344, 4555 Overlook Ave., SW, Washington, DC 20375-5320, USA,
e-mail: (david.crouse@nrl.navy.mil).
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Positive G-Force Limit

MiG-29

FC-1

F-16

9G

8.5 G

9G

Maximum Speed (At Altitude) 679 m/s
Service Ceiling
17 km
Maximum Range
1,500 km
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347 m/s
670 m/s
16 km
> 15 km
2,037 km > 3,222 km
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The best-known published attempts to adapt flatEarth dynamic models for use on a curved Earth for target tracking are [43] and [81], where flat-Earth discretetime dynamic models are applied in local East-NorthUp (ENU) coordinate systems that rotate as the aircraft
moves above the surface of the Earth.1 However, such
a constant-bearing approximation is only valid when
going East-West or North-South, but not at any other
bearings, and the approximation becomes extremely bad
near and at the poles. Considering that the sea ice in the
Northwest Passage sufficiently melted for the first time
in recorded history in 2007 to allow travel through the
passage [8], it is increasingly likely that ships (possibly
carrying radars) will regularly approach the North Pole
in the future.
On the other hand, the curvature of an ellipsoidal
Earth has been properly handled in the design of inertial navigation systems, where a wander coordinate
system, also known as a wander frame, the wander azimuth coordinate frame, and the wander azimuth navigation frame, is often maintained in place of a local East-North-Up coordinate system. Such a coordinate system keeps one axis aligned with the gravitational (or ellipsoidal) vertical, and the other axes are
kept in the local tangent plane, without any particular
relation to true North. The wander coordinate system
is used in [27], [46] for strapdown inertial navigation
systems, where gyroscopes are fixed to the body of an
aircraft rather than remaining on a platform that tries
to physically rotate to maintain a constant orientation
to true North which is increasingly difficult as one approaches the poles.2 The wander coordinate system is
used in [50] for simulating aircraft trajectories under
continuous-time dynamic models on a curved Earth,
where solutions for four dynamic models are provided.
More recently, the method of [50] was rediscovered and
applied to curved-Earth target simulation in [62], [63],
where the mapping of a flat-Earth model to a curvedEarth is referred to as a “geodetic projection.” In this paper, a method of mapping flat-Earth dynamic models to
a curved Earth is derived in vector notation, generalized
to describe motion on an arbitrary terrain or above an ellipsoidal Earth. Under an ellipsoidal Earth model, when
considering similar dynamic models, the algorithm of
this paper reduces to the solutions of [50], [62].
In [73, Sec. 5], similar physical principles to those
used in the models of [84, Ch. 8, 9, 10] (which require a detailed description of the flight dynamics of
the aircraft) are used to obtain simplified dynamic expressions for straight, level flight, for steady turns, and
for pitching flight (weaving up and down) above a
spherical Earth. However, no expressions for spiraling
1 When

considering only straight-line trajectories, algorithms such as
[19] are also relevant. However, this paper considers more general
dynamic models.
2 Gyroscopic systems can infer the direction of true North based on
the precession of the gyroscope as the Earth rotates, as observed by
Foucault in 1852 [22].
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(corkscrewing) targets are given, with the justification
being that the models would have to be overly simplified
for a solution to be obtained. In the following sections,
it is shown that most flat-Earth dynamic models can
be plugged into a simple algorithm to adapt them for
use above a curved Earth, including a spiraling model
derived in Appendix E.
A constant-bearing course means that a target maintains the same direction with respect to a local ENU coordinate system. As described in [1], a constant-bearing
course is called a rhumb, whereas the curve on the
surface of the Earth traced out by such a course is a
loxodrome. An example of a constant-bearing coarse is
a ship traveling 20± North of East. A constant-bearing
course is a straight line on a Mercator projection map.
However, as clearly illustrated in Fig. 7(c) in Section
V and as discussed in detail in [1], constant-bearing
courses that do not follow East-West or North-South
trajectories spiral infinitely as an object approaches the
poles. The algorithms of [43] and [81] cause straightline targets to follow rhumb lines. A rhumb is seldom
the shortest trajectory between any two points and a
navigator must constantly update a vehicle’s bearing to
travel the shortest path.3
Before taking the time to implement a complicated
curved-Earth simulation routine, one should first check
whether the scale of the bias accumulated as a result
of ignoring the Earth’s curvature matters. As derived in
[10], a simple closed-form approximation for the bias,
¢, accumulated using a local flat-Earth approximation
can be derived using a spherical Earth approximation,
s
· ¸¶2
μ
· ¸¶2 μ
L
L
2
¢ ¼ a 1 ¡ cos
+ L ¡ a sin
, (1)
a
a
where L is the distance traveled and a is the radius of the
spherical Earth. For example, using the semi-major axis
a = 6, 378, 137:0 m from the reference ellipsoid of the
U.S. Department of Defense’s (DoD) World Geodetic
System 1984 (WGS-84) standard [13], a target traveling
five kilometers in a straight line would accumulate a bias
of only 1.96 m. On the other hand, a target traveling
500 km would accumulate a bias of 19.6 km, which is
probably significant in most instances.
Considerable research over the years has focused
on following the shortest and straightest path along a
curved Earth or other surface. It is reasonable to assume
that a target obeying a flat-Earth dynamic model on a
curved Earth experiences no accelerations in the local
tangent plane to the surface beyond those present in
the flat-Earth model. That is, the target is not pulled
left or right by any accelerations that are not part of
3 For example, a rhumb-line-based navigation technique was implemented for operational use in the U.S. Navy’s Navigation Sensor System Interface (for ships) when handling optical celestial observations
in the 1990s [31], [32]. However, in the presence of other navigation
sources (for example, Global Positioning System [GPS] satellites) and
near the poles, one would assume that navigation software would take
the shortest path rather than following a rhumb line.
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the flat-Earth model, but it must be tipped as it moves
so that the vertical axis of its local coordinate system
remains aligned with the direction of acceleration due
to gravity.4
A geodesic curve5 between two points on a surface
is the locally shortest path between those points constrained to the surface. A geodesic curve also represents
a curve of zero tangential acceleration as discussed, for
example in [60]. Geodesics are studied in the mathematical field of differential geometry, more information on
which is available in [15, Sec. 4-4], among many other
sources. As discussed in Section II, a target lacking acceleration in the local tangent plane under a constantvelocity flat-Earth model mapped to a curved Earth will
follow a geodesic curve.
A common method of describing the curvature or
shape of the Earth is in terms of variations in the
gravitational field of the Earth. For example, altitudes
on maps are usually taken with respect to mean sea
level (MSL), which is a hypothetical surface of constant
gravitational potential. Geodesy is the study of the shape
of the Earth, especially in terms of its gravity potential.
A brief overview of geodetic concepts is given in [42],
with a more thorough introduction provided in the text
[29]. Section IV describes the gravitational shape of the
Earth, focusing on a simple ellipsoidal approximation
that is used in the development of the flat-Earth-tocurved-Earth mapping algorithm of this paper.
An ellipse of revolution is the three-dimensional surface formed by rotating an ellipse around its semi-major
axis . The shape of the Earth is approximately an ellipse of revolution formed by rotating an ellipse about
its minor axis. This type of an ellipsoidal is often called
an oblate spheroid.6 On the other hand, an ellipse of
rotation formed by rotating an ellipse about its major
axis is known as a prolate spheroid. The literature often
refers to an approximation of the Earth’s shape using
an ellipse of revolution as an “ellipsoidal approximation.” For the purposes of navigation, a lot of work has
been done studying geodesic curves using an ellipsoidal
approximation of the Earth. Though navigation literature often uses circular or elliptical curves to approximate geodesic paths on an ellipsoidal Earth, geodesic
curves are generally neither elliptical nor circular as is
discussed in [79], and this paper does not use circular or
elliptical approximations when mapping flat-Earth trajectories to a curved Earth.
4 In some instances, not considered in this paper, one might also
wish to account for the Coriolis force. The Coriolis force is a small,
velocity-dependent force to which a moving object on the surface of
the Earth appears to be subjected when viewed from an Earth-fixed
coordinate system (a derivation is given in [69, Ch. 7]).
5 A geodesic curve on a sphere or an ellipsoid is sometimes referred to
as an orthodrome (in contrast to a loxodrome). However, the term orthodrome is more frequently applied to geodesic curves on the surface
of spheres rather than general ellipsoids.
6 A more generally shaped ellipsoid is known as a triaxial ellipsoid.

Navigators often study the direct and indirect geodetic problems. In the direct geodetic problem, one must
determine the ending point of a trajectory when given a
starting point, an initial bearing, and a distance. Though
the primary focus of this paper is the adaptation of flatEarth motion models to a curved Earth, the algorithm
in this paper can also be used with a non-maneuvering
motion model to solve the direct geodetic problem, providing Cartesian coordinates of points along the trajectory. Unlike existing algorithms for solving the direct
geodetic problem, which are constrained to the surface
of the Earth, the algorithm of this paper can solve the
problem for arbitrary constant altitudes above the Earth.
The algorithm of this paper does not solve the indirect
geodetic problem. However, algorithms that solve the
indirect geodetic problem can be used as a basis for
confirming the validity of the direct geodetic solutions
obtained by the algorithm in this paper.
In the indirect geodetic problem, one is tasked with
finding the shortest path between two points on the
surface of the Earth. Algorithms that solve the indirect
geodetic problem, which is to determine the initial heading and distance traveled to go from one point (a) to
another point (b) along the shortest geodesic path, are
commonly used with an ellipsoidal Earth approximation in navigation applications. Since non-maneuvering,
level, flat-Earth motion models follow geodesic curves
(solving the direct geodetic problem), the validity of the
algorithm developed in this paper can be verified for
level flight using the solution to the indirect geodetic
problem. That is, an initial target state can have position components corresponding to point (a) and an
initial velocity vector that points in the direction of the
solution to the indirect geodetic problem from (a) to
(b). If the model is propagated forward in time such
that it covers a distance equal to the distance between
(a) and (b) found when solving the indirect geodetic
problem, then the target should be located at point (b).
Any deviation from point (b) would indicate an error in
the target propagation algorithm or numerical precision
limitations.
A detailed look at a number of traditional methods
for solving the direct and indirect problems is given in
[61], including a derivation of Vincenty’s equation in
[12], which is one of the most commonly used techniques, but for which a derivation is lacking in Vincenty’s paper [77]. With modern computers, differential equation solvers can be used to solve both the direct and indirect problems of geodesics [38], [57], [64],
[74], and accurate iterative techniques are also available
[34], [35].
The majority of the algorithms in the literature for
solving the indirect geodetic problem are not suitable
for use in any mission-critical navigation system, because they will fail if two points lie nearly on the same
meridian (have the same longitude or longitudes approximately 180± apart). However, one robust algorithm
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Fig. 1. In (a), a vector is parallel transported along a path in a plane. At all points along the path, the vector remains parallel to the original
vector. On the other hand, a vector in the Darboux frame in a plane rotates with the changing direction of the curve as shown in (b). Thus, a
vector that is initially perpendicular to the curve remains perpendicular to the curve.

is given in [34], [35]. This algorithm is convenient to use
both because it is well documented and because code
implementing it is available for Matlab at [36] and for C,
Fortran, Java, and a number of other programming languages at [37]. The algorithm provides an initial heading to reach the destination as well as the geodesic distance between the points. However, the geodesic curves
used in the simulation section (for validating the solution to the direct geodetic problem provided by the algorithm of this paper) are calculated using the algorithm
of [57]. Although the algorithm of [57] is not suitable
for mission-critical navigation, it provides the trajectory
in a format that can be easily plotted.
The examples in this paper focus on the use of an
ellipsoidal Earth approximation, because it is simple
and because higher-order gravitational approximations
would not be expected to provide more accurate predictions, as air pressure variations begin to dominate
at higher precisions. A commercial aircraft that flies at
a constant instrument “altitude” reading varies its true
height above the ground and above mean sea level, because most commercial aircraft operate in regions where
their altitudes are computed based on a reference air
pressure and not on current meteorological conditions.7
As a result, a plane that is flying at a constant altitude
according to its own instruments does not fly a precise
geodesic curve.
Using the data offered by [52], the WGS-84 geoid,
a higher-order approximation than the reference ellipsoid for gravity at sea level, differs from the reference
ellipsoid up to +84 m and ¡107 m, which is less than
7 In the United States, aircraft below 18,000 ft (5,486.4 m) determine
their altitudes based on their height determined from the local pressure and the current pressure reading on the ground, translating into
a “true” altitude; whereas aircraft operating above 18,000 ft assume
the presence of a standard atmosphere, so their true altitude varies
with local pressure variations [21]. Similar rules apply in other countries. For example, in Britain the switch to a standard atmospheric
assumption occurs at 3,000 ft.
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one flight level used by air traffic control in the United
States [21].8 The geoid undulations are less than altitude variations one would expect to see in an aircraft
due to changing meteorological conditions, which are
quantified in Appendix A.
Section II describes the concept of parallel transport from differential geometry as well as its realization through a naturally evolving coordinate system.
The naturally evolving coordinate system allows one to
make as few changes as possible to a flat-Earth dynamic
model to adapt it to a curved Earth. Section III then
discusses the adaptation of flat-Earth dynamic models
to a curved Earth. Section IV describes the ellipsoidal
approximation to the shape of the Earth, and a full algorithm for the ellipsoidal approximation is given in Subsection IV-D. The validity of the algorithm is demonstrated through simulation in Section V, and the results
are summarized in Section VI.
II.

PARALLEL TRANSPORT ON A SURFACE IN 3D
AND NATURALLY EVOLVING COORDINATES

On a flat surface, an individual walking along a
curved path generally perceives oneself as moving and
turning, not that one is still while the rest of the world
moves and rotates. The perception of self-motion means
that, as illustrated in Fig. 1(a), a direction vector in the
local coordinate system that one carries will not rotate
as one moves. That is, while the vector might move
with the observer, for example representing an axis in a
moving local coordinate system, the vector at one time
is always parallel to the vector at a future time. It is
“parallel transported” along the line of motion. Such an
evolution of vectors in the plane can be contrasted, for
example, with the coordinate system given by the Frenet
formulas [15, Ch. 1—5] (the Frenet frame), whereby the
direction of the local coordinate system evolves such
8 Aircraft

in controlled airspace are allocated flight levels that are
500 ft (¼ 152 m) apart.
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Fig. 2. In (a) and (b), a vector is parallel transported around a triangle in the direction of the arrows on the circle (clockwise) starting from
the lower left corner of the triangle. In (a), the triangle is in a plane and the vector has the same orientation at the beginning of the loop as at
the end. In (b), the vector is pointed in a different direction (in the local tangent plane) after having completed the loop.

that one axis always points in the direction along a
curve of motion. In the Frenet frame, the evolution of
the coordinate system along a curve is determined by
the curvature of a curve, not of the surface of which
the curve might be located. The Darboux frame, on the
other hand, can be viewed as a modified Frenet frame
for a curve on a surface, where one axis of the local
coordinate system follows a curve along the surface and
another axis remains normal to the surface [15, Ch. 4-4].
Figure 1(b) shows an example of how a vector would
evolve under the Darboux frame on a flat surface.
The notion of parallel transporting a coordinate system along a curve has been considered in [5], [16], [28],
where in [16] tips for numerically implementing such a
system are provided. The parallel transport frame along
a curve has even been used to describe the local coordinate system of an unmanned aerial vehicle (UAV)
[26]. On the other hand, differential geometry for describing motion on a curved surface has been applied to
geodetic problems [7]. However, the work of [7] only
considers the problem of simulating targets constrained
to a surface, and does not specifically consider the use
of arbitrary dynamic models.
The notion of parallel transport can be extended
to curved surfaces, just as the Darboux frame is a
curved-surface equivalent to the Frenet frame. Parallel
transport on a curved surface arises naturally as one
would expect that the local coordinate system associated
with a person walking along an arbitrary path on the
surface of the Earth would experience no acceleration in
a plane tangential to the surface of the Earth; the world
does not “rotate” around the person, but the direction
of the “up” vector always stays the same. Figure 2
illustrates how parallel transport on a surface (in this
case, a sphere) depends both on the direction traveled
as well as on the curvature of the surface. In Fig. 2(a), a

vector is shown parallel transported clockwise around a
triangle, remaining parallel at all times; whereas in Fig.
2(b), a vector is parallel transported counterclockwise
around a triangle on a sphere, returning to the starting
point at a different orientation. The topic of parallel
transport is discussed in the following subsection.
A geodesic curve is the locally shortest distance
between two points on a surface.9 When the vector
being parallel transported with a local observer is the
observer’s own velocity vector and the observer follows
a trajectory of constant velocity, the observer follows a
geodesic curve. The concepts of parallel transport and
geodesics are covered formally in detail in [15, Sec. 4-4]
and [25, Ch. 8].
Subsection II-A covers the topic of 2D motion on a
3D surface in a differential geometric framework. The
evolution of the local coordinates of an observer on a
surface is shown to depend on the parameterization of
the surface. The concept of a naturally evolving coordinate system is introduced in Subsection II-B as a means
of describing the evolution of a local coordinate system without the need for surface-dependent acceleration
terms in the local observer’s coordinate system.
A. Parallel Transport on a Surface in 3D
Let r be a vector in a global orthogonal (Cartesian)
coordinate system (such as Earth-centered, Earth-fixed)
from the origin to a point on the surface under consideration. In this paper, the point is on the surface of
9 The distance is locally shortest, because no minor variations to the
path will make it shorter. However, it is not necessarily the globally
shortest path. For example, two possible geodesic curves can go from
New York to Paris. One goes East and the other goes West. However,
the eastward path is the shorter geodesic. When using an optimization
algorithm to minimize a distance function to find the shortest path, a
geodesic curve is a locally optimal solution.
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Since v is constrained to a tangent plane to the
Earth’s surface (for example, it could be a heading), the
3D Cartesian direction of v must depend on position.
The total derivative of v with respect to a coordinate xj
parameterizing the location on the surface is
@ei =@xj

z }| {
2
@vis
dv
s @ r
=
ei +
vi
:
dxj
@xj
@xj @xi
i=1
i=1
| {z } |
{z
}
Nd
X

Nd
X

Change of
Components

Fig. 3. At a particular point on a surface (specified by a position
vector r at two possible points along a curve), one can have a local
coordinate system defined by vectors in the tangent plane, e1 and e2 ,
and a normal vector n. When moving along a path on a surface, all
of the vectors must change their direction so that the normal to the
surface remains pointing “up.” Whereas the direction of the normal
vector is uniquely defined everywhere, any two orthogonal vectors
in the local tangent plane can be used for e1 and e2 . Parallel
transport of the basis vectors, which is the principle behind the
naturally evolving coordinate system, means that there is no
acceleration in the tangent plane as one moves along the curve; that
is, e1 and e2 must rotate to remain in the local tangent plane, but
none of the rotation is about the normal vector (there is no
acceleration in the local tangent plane).

the Earth. Assume that the surface can be parameterized
using Nd parameters denoted by x1 , : : : , xNd . For example, if the shape is the reference ellipsoid for the Earth,
Nd is two, even though r is a three-dimensional position vector, because any point on an ellipsoid can be
expressed in terms of geodetic latitude Á and longitude
¸. However, such a choice of parameterization is not
unique.
A vector v in the tangent plane to the surface of
a shape can be expressed as a weighted sum of basis
vectors in the tangent plane to the surface. Tangent
vectors are given by derivatives of r with respect to the
parameterization of the surface. Specifically,
ei

v=

Nd
X
i=1

z}|{
s @r
vi
,
@xi

(2)

where the vis are not the elements of v, (which represents
a 3D Cartesian vector), but instead represent weightings
in the tangent space of the surface at a particular point.
They can be considered the “local” coordinates of v as
seen by an observer on the surface. The ith tangential
basis vector is ei . Figure 3 illustrates the position vector
and local basis vectors when considering a trajectory on
the surface of a sphere. The concern of this subsection
is the mathematical description of how vectors in the
local tangent plane evolve over time as one moves on a
surface.
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(3)

Change of
Basis Vectors

In general, the second term in (3) does not need to be
limited to the tangent plane and consequently can be
written as
Nd
@ei X
k
=
¡i,j
ek + nij ,
(4)
@xj
k=1

k
¡i,j

where
is a Christoffel symbol of the second kind, a
projection (inner product) of @ 2 r=@xj @xi onto the basis
vector @r=@xk ,
μ
¶
@ei
ek
k
¡i,j =
¢
,
(5)
@xj
kek k
where the dot indicates an inner product and nij consists
of any second derivative components that do not lie
in the tangent plane. The two vertical lines denote the
magnitude of the enclosed vector (the l2 -norm). Note
that ¡ijk = ¡jik .
As long as v remains on the surface, it is always
confined to the tangent plane, suggesting that derivative components that cannot be expressed in terms of
tangential basis vectors are not necessarily essential to
defining the evolution of the coefficients on the surface.
The covariant derivative is simply the total derivative
with the components nij , which are orthogonal to the
tangent plane, discarded. The covariant derivative is thus
rxj v =

Nd
X
@vs
i

i=1

@xj

ei +

Nd
Nd X
X

k
vis ¡i,j
ek :

(6)

i=1 k=1

A zero covariant derivative implies zero acceleration in
the local tangent plane. To use a flat-Earth dynamic
model on a curved Earth, zero tangential acceleration
means that no extra terms need to be added to the flatEarth model in adapting it to the curved Earth; only the
basis vectors change.
The notion of parallel transport arises when considering how a vector changes direction as an object
moves along a curve on the surface. If the instantaneous
velocity vector v of a non-maneuvering object is parallel transported along the surface in the direction of v,
then the object will follow a geodesic curve. In general,
however, v can be any vector (such as acceleration) in
the local coordinate system of the target moving on an
arbitrary path on the surface. Consequently, the concept
of parallel transport shall be described for how v evolves
as an object traverses an arbitrary curve.
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Let the curve on the surface that the target follows be
parameterized by t, which could be time. Consequently,
the x-coordinates parameterizing r on the surface are
functions of t. The covariant derivative of v with respect
to t can be evaluated using the chain rule:
rt v =
=

Nd
X
j=1

j=1 i=1

=

Nd
X
i=1

Nd X
Nd
Nd X
X

k
vis ¡i,j
ek

j=1 i=1 k=1

Nd X
Nd X
Nd
X
j=1 i=1 k=1
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@ei
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dxj
(7b)
dt
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kek k
dt
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dt
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i=1 k=1
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dt
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ek
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kek k k

(7d)

Parallel transport occurs when the vi terms evolve such
that rt v = 0. If t is time, then the terms dxj =dt are
related to the velocity of the observer in the observer’s
local coordinate system.
The elements of rt v are in a global Cartesian coordinate system and are thus independent of how the x terms
parameterize r to obtain the tangential basis vectors e.
For the purpose of this discussion, a parameterization
of r is chosen such that the basis vectors in the tangent plane are always orthonormal. It is not necessary
to know how to obtain such a set of basis vectors practically, only to know that they exist and could be used.
That the magnitudes of the basis vectors remain constant
implies that the derivative of a basis vector with respect
to t must be orthogonal to the basis vector. The time
evolution of the basis vectors as a function of t must
be a rotation lest the magnitudes of the vectors change,
and all basis vectors must experience the same rotation
to remain orthogonal.10 A 3D rotational dynamic model
allows the derivative of a basis vector to be written as
dei
= − £ ei ,
dt

(8)

where £ denotes the cross product, the direction of −
is the axis of rotation, and the magnitude of − specifies
the rotation rate. (How − is determined for a particular
surface is discussed in Subsection II-B.) Consequently,
when considering a 3D space, if rt v = 03,1 , where 03,1
10 The ability to express the evolution of the basis vectors as a continuous rotation assumes that there is no bifurcative changes in the basis
vectors that redefine the relative relationship between the vectors. For
example, suddenly changing from a right-handed coordinate system
to a left-handed coordinate system would be a bifucative change in
the relationship between the vectors. A bifurcation would also arise
when crossing the North Pole using normalized ENU coordinates.
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where the vector triple product identity a ¢ (b £ c) =
b ¢ (c £ a) is used. Rearranging terms yields
3
2 PNd s
vi ((ei £ e1 ) ¢ −)
i=1
Nd
X
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..
7:
e = ¡[e1 : : : eNd ] 6
.
5
4
dt i
i=1
PNd s
i=1 vi ((ei £ eNd ) ¢ −)
(10)
In three dimensions, two tangent vectors are sufficient
to parameterize a surface (Nd = 2). On applying the
identity a £ b = ¡b £ a, (10) reduces to
¸
· s
¡v2 (e1 £ e2 ) ¢ −
dvs
dvs
(11a)
e1 1 + e2 2 = ¡[e1 e2 ]
dt
dt
v1s (e1 £ e2 ) ¢ −
= ¡(− ¡ (− ¢ ei )ei ¡ (− ¢ ej )ej ) £ v:
(11b)

When assuming that e1 and e2 are mutually orthonormal, the components of dvs =dt can be extracted using
dot products with the basis vectors to get
dv1s
(12)
= ¡(− £ v) ¢ e1 = v2 − ¢ (e1 £ e2 ),
dt
dv2s
(13)
= ¡(− £ v) ¢ e2 = ¡v1 − ¢ (e1 £ e2 ):
dt
That is, the local coordinates change according to the
projection of the cross product of the axis of rotation
of the basis vectors onto the local coordinates. The
magnitude of the local coordinates is preserved through
this operation, which can be demonstrated by writing
2 s3
dv1
2
3 2 s3
0
v1
6 dt 7
6 s7 6
7 6 s7
6 dv2 7 = 4
(14)
0
5 £ 4 v2 5 ,
7
6
4 dt 5
¡− ¢ (e1 £ e2 )
0
0
where, due to the cross product, it can be seen that
the derivative is orthogonal to the component vector.
Since the basis vectors are assumed to maintain unit
magnitude, the vector v maintains a constant magnitude
through parallel transport.
After substituting the derivatives of the local coordinates in (12) and (13) into the total derivative in (3),
the evolution in the direction of v over time is
2
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3D Rotation
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Thus, as v parallel transports along the surface, the
change in the direction of v depends only on how the
normal vector to the tangent plane changes, not on how
the bases are rotated within the tangent plane. If the
orientation of the tangent plane does not change, any
rotation of the bases does not matter; v does not change.
The irrelevance of rotations outside of the local tangent
plane means that the rotation vector − to describe the
evolution of the orientation of the tangent plane is not
unique.
B. Naturally Evolving Coordinates
If the vector v being parallel transported in (16) is,
for example, a velocity vector, then the local coordinates must evolve according to (12) and (13). However,
forcing the local coordinates to evolve depending on the
motion on the surface can be inconvenient if one wishes
to use more than a straight-line dynamic model. It is
more convenient if the local coordinates never changes
as the target moves.
The vector v does not need to be a velocity vector.
For example, it could represent an axis (a basis vector)
in the coordinate system of the local observer moving on
the surface. If motion along the surface does not induce
any change in the components of v (any basis vector)
in the local coordinate system of the target, v1 and v2 ,
then the target does experience any local acceleration
beyond that induced by the flat-Earth dynamic model.
Examining (14), v1 and v2 remain constant if the axis
of rotation is orthogonal to the local normal vector (if
there is no rotation in the local tangent plane). When the
basis vectors parameterizing r, e1 , and e2 , are chosen to
have zero rotation in the local tangent plane, then (16)
implies that
dv
= − £ v:
(17)
dt
The elimination of the extra terms in (16) to obtain (17)
means that the basis vectors in which the coordinates
of r are expressed depend on the path taken by the object. Such a path-dependent local coordinate system is
defined to be “naturally evolving coordinates.” The set
of local tangent-plane basis vectors for natural coordinates are designated as u1 and u2 to differentiate them
from the vectors parameterization of the surface that
have thus been expressed as ek .
Let g be a vector orthogonal to the local tangent
plane that defines the local “downward” direction on
the two-dimensional surface. The down vector g is not
necessarily a unit vector and could be acceleration due
to gravity. To define a right-handed local coordinate
system in terms of three orthonormal basis vectors, let
u3 be a unit vector defining the local vertical, which is
expressed in terms of g as
u3 = ¡
38

g
:
kgk

(18)

In other words, the unit “up” vector is the negative of
the “down” vector divided by its magnitude. To complete a right-handed coordinate system, the remaining
orthogonal unit vectors u1 and u2 in the local tangent
plane must satisfy the defining cross product relations
u1 £ u3 = ¡u2

u1 £ u2 = u3

u2 £ u3 = u1 : (19)

One coordinate system that satisfies all of these relations
is a local East-North-Up (ENU) coordinate system. One
would like to have vectors that are parallel transported
with a moving target naturally evolve. Though an ENU
coordinate system can be used to define a target’s initial
local coordinate system, it does not naturally evolve
as a target moves. Natural evolution of a vector is
synonymous with parallel transport reducing to (17) and
the basis vectors evolving with no rotation in the tangent
plane.
Expressions for how the orthonormal basis vectors
u1 , u2 , and u3 evolve over time as a target moves shall
be derived. The derivative of (18) with respect to time
t is
g_
g
u_ 3 = ¡
(g_ ¢ g) = − £ u3 ,
(20)
+
kgk kgk3
where the dot indicates differentiation with respect to
t. The simplification to a cross product expression is
possible, because the derivative must be orthogonal to
the vector, lest the magnitude of the basis vector change.
An infinite number of solutions for the rotation vector
− exist. For the naturally evolving coordinate system,
the vector − is constrained to the local tangent plane
(so that u3 has no rotational components in the local
tangent plane):
− = c1 u1 + c2 u2 :

(21)

u_ 3 = (c1 u1 + c2 u2 ) £ u3 :

(22)

Consequently,

Using (19), u_ 3 becomes
z }| { · c ¸
_u3 = [¡u2 u1 ] 1 :
c2
A

(23)

Equation (23) is an overdetermined system for which a
unique solution should exist. Thus, the coefficients c1
and c2 can be found using
· ¸
¶
μ
c1
g_
g
†
(g_ ¢ g) ,
(24)
=A ¡
+
kgk kgk3
c2
where the † operator represents the matrix pseudoinverse. The matrix pseudoinverse A† can be evaluated
using pinv in Matlab, which is based on a singular value
decomposition technique for stability. A similar matrix
pseudoinverse algorithm is described in [24, Ch. 5] and
[23]. A simpler but less numerically robust alternative
is just to use A† = (AT A)¡1 AT , where, as described in
[23], the possible numerical instability arises when the
matrix AT A is nearly singular.
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_
To evaluate (24) to get − in (21), one must know g,
which is given by
¸
·
@g @g @g
r_ ,
(25)
g_ =
@r1 @r2 @r3
where r = [r1 , r2 , r3 ]0 are in global Cartesian coordinates
and 0 denotes the transpose operator. The partial derivatives in (25), which are constrained to the surface, can
be written using the chain rule
2
@g X @g @xj
=
,
@ri
@xj @ri

(26)

j=1

where the xj are the terms parameterizing r on the surface. However, the evaluation of the partial derivatives
in (26) can be problematic, because the parameterization of the surface can have singularities. For example,
when using ENU coordinates, singularities exist at the
poles, because longitude does not have any meaning
at the poles. Such singularities can be avoided either
by obtaining a closed-form solution for the product of
the partial derivatives, which is difficult, or by using
a numerical differentiation algorithm. Section IV-C describes how, following the technique of [78], an explicit
solution for − can be found when using an ellipsoidal
Earth model.
In summary, the naturally evolving local coordinate
system of a target moving on a surface is defined as an
orthonormal coordinate system at an initial point on the
surface with axes given by the unit vectors u1 , u2 , and
u3 . For example, one might use the ENU axes described
in Section IV when on an ellipsoidal Earth. Then, the
axes evolve according to
u_ i = − £ ui ,,

(27)

where − is given by (21) and (24) (or for an ellipsoidal
Earth model from Section IV-C), which depend on the
derivative of the local “down vector” g in (25). Each
component of the partial derivatives can be evaluated using (26), which must be simplified to avoid singularities,
or using numerical differentiation to avoid singularities.
Techniques for numerical differentiation, besides simple
differencing of two points, are derived using Taylor series expansions [6, Ch. 4.1]. As described in [80], finite
difference formulae with 2N ¡ 1 points can be automatically generated in Mathematica.
III. APPLYING NATURALLY EVOLVING
COORDINATES TO 2D AND 3D DYNAMIC
MODELS
Let vlocal = [v1l , v2l , v3l ]T be a vector in the local coordinate system of the target, for example, velocity or
acceleration. A vector vglobal , which is vlocal as seen
in the global observer’s coordinate system, can be expressed as
3
X
vil ui :
(28)
vglobal =
i=1

Let xgt and xlt be the state vectors of the target in the
global (curved-Earth) and local (flat-Earth) coordinate
systems at time t, respectively. A noise-free flat-Earth
dynamic model is generally expressed in terms of a
differential equation,
x_ lt = al (xlt , t),

(29)

where x_ lt is the derivative of the local state with respect
to time and al is a possibly time-variant function of xlt
known as the drift.
It is assumed that the local dynamic model under
consideration obtains the position component of the
model by integrating a velocity component of the state.
The rest of the dynamic model is arbitrary, but is
assumed to be independent of position. Consequently,
xlt and al have the forms
2 l 3
rt
·
¸
r_ lt
6 _l 7
l
al (xlt , t) =
xt = 4 rt 5
, (30)
al,rest (r_ lt , xl,rest
, t)
t
l,rest
xt
where rlt is the position of the target in its local coordinate system at time t, r_ lt is the velocity of the target
in its local coordinate system, and the vector xl,rest
is an
t
arbitrary collection of additional state elements.
The simplest approach for adapting (29) to a global,
curved-Earth model is to use a mixed state, where the
flat-Earth position rlt is replaced by the curved-Earth
position rgt . The mixed state xm
t with associated dynamic
model is thus
2 g 3
rt
6 _l 7
m
m m
x_ m
xt = 4 rt 5
(31)
t = a (xt , t),
xl,rest
t

where
m

a

(xm
t , t)

=

·

r_ gt
al,rest (r_ lt , xl,rest
, t)
t

¸

:

(32)

Since the global velocity can be linked to the local
velocity using (28), (32) can be rewritten as
·
¸
[u1 u2 u3 ]r_ lt
,
t)
=
:
(33)
am (xm
t
al,rest (r_ lt , xl,rest
, t)
t
If in the target’s local coordinate system the target
experiences no vertical motion (the velocity components
multiplying u3 in (33) are always zero), then the target
can be viewed as remaining at a constant altitude and,
ignoring air pressure, would be expected to follow a surface of constant gravitational potential. Thus, the basis
vectors should evolve “naturally” as in (27), because the
effects of the surface curvature enter the dynamic equations only through a rotation in the local bases, not by
changing the local states, and the target is constrained
to the surface.
On the other hand, suppose that r_ lt has a nonzero
component in the u3 direction. The target no longer remains at a constant gravitational potential, since it is
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Fig. 4. The Earth is approximately shaped like an oblate spheroid; that is an ellipse rotated about the z axis (a type of ellipsoid). The
non-spheroidal nature of the Earth’s shape has been exaggerated in the diagrams. The horizontal lines in (a) represent lines of latitude;
vertical lines represent lines of longitude. Longitude is an angle measured with respect to the x-axis in the xy plane. The DoD’s WGS-84
standard [13] and IERS conventions [58], among many other sources, define reference ellipsoids for the Earth. In (b), a is the semi-major
axis (equatorial radius), and b is the semi-minor axis (polar radius).

A. The Gravitational Potential and the Reference
Ellipsoid

The global coordinate system used by the U.S. DoD
is the WGS-84 standard [13]. The latest version of
WGS-84 [51] agrees with the alignment and location
of the axes in the ITRF2008, the latest version of the
International Terrestrial Reference Frame (ITRF). The
ITRF is set by the International Earth Rotation and
Reference Systems Service (IERS) [13], [51] and is
described in the IERS conventions in [58]. Parameters
for the ITRF can be downloaded from [67]. The xaxis of the ITRF points in the direction of the IERS
reference meridian, which is the same as the prime
meridian, zero degrees longitude, which passes through
Greenwich, England. The z-axis points in the direction
of the IERS reference pole, which is the geographic
North Pole, and is approximately the rotational axis
of the Earth. Differences between WGS-84 and ITRF
arise from differences in points of reference used to
implement the standards, as discussed in [29, Ch. 2.11],
and are due to the WGS-84 standard using a different
semi-major radius for the reference ellipsoid.
The WGS-84 standard defines a reference ellipsoid
for the shape of the Earth, which is derived from parameters for the Earth’s gravitational field and is a low-order
approximation of the geoid. Table II lists the parameters for the reference ellipsoid, and Fig. 4(b) shows
how the parameters relate to the ellipse of revolution.
The flattening factor is related to the semi-major (a)
and semi-minor (b) axes through the equation

The Earth is approximately oblate spheroidal in
shape (an ellipsoidal shape), as illustrated in Fig. 4.
However, the shape of the Earth as defined by the geoid,
a hypothetical surface of equal gravitational potential
defining mean sea level (MSL), is only approximately
ellipsoidal.

a¡b
:
(34)
a
The reference ellipsoid can be directly related to an
approximation of the gravitational potential including
the effects of the Earth’s rotation, ignoring the directiondependent Coriolis effect (see [29, Ch. 2.7]).

ascending or descending along the local vertical. The
local surface of constant gravitational potential should
be what defines the local tangent plane. However, g
changes orientation as one moves vertically. The change
of direction of g with motion in the direction of g is
known in geodesy as the “curvature of the plumb line”
[29, Ch. 2.3]. Curvature of the plumb line implies that
the parallel transport equations of Section II must be
rederived to determine the “straightest” path when moving in an arbitrary direction through a field where the
local coordinate system rotates everywhere. However,
when using the ellipsoidal Earth approximation of Section IV, the plumb line does not curve.
In an ENU coordinate system, moving up does not
change the direction of what is considered to be up. In
this instance, if one uses (27) in Section II-B to predict
forward the axes of the local coordinate system, u1 and
u2 always remain in the local tangent plane, and the
projection of a straight-line motion target onto the reference ellipsoid follows a geodesic. Consequently, the
suggested technique for handling 3D flat-Earth dynamic
models on a curved Earth under an ellipsoidal approximation is to make g the negative of the normal vector
of the closest point on the reference ellipsoid.
IV. THE ELLIPSOIDAL APPROXIMATION SOLUTION
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Fig. 5. An illustration of how latitude is measured for a point an
altitude h above the reference ellipsoid. Unless specified otherwise,
the term latitude generally means the geodetic latitude Á, which is
taken with respect to a normal to the reference ellipsoid. On the
other hand, the geocentric latitude Ác , which is seldom used, is the
angle measured with respect to the origin. The horizontal axis is
anywhere in the xy plane, which comes out of the page in the
diagram.
TABLE II
Defining parameters of the reference ellipsoid in the WGS-84
standard [13]. The presence of GM and ! allow one to reconstruct
the gravitational potential of the equipotenial surface implied by the
ellipsoid, as derived in [29, Ch. 2.7].
Quantity
Gravitational Constant
times Earth’s Mass
(with atmosphere)
Earth’s Semi-Major Axis
Earth’s Inverse Flattening
Factor
Nominal Angular Velocity
of Earth’s Rotation

Symbol

Value

GM
a

3:986004418 £ 1014 (m3 =s2 )
6378137.0 m

1=f

298.257223563

!

7:2921150 £ 10¡5 (rad=s)

B. Coordinates on the Reference Ellipsoid
Geodetic and geocentric latitudes are angles measured with respect to the equatorial plane. The geocentric latitude Ác of a point is the angle formed between
the equatorial plane and a line from the center of the
Earth to the point. The geodetic latitude Á is the angle formed between the equatorial plane and a normal
to the reference ellipsoid that passes through the point.
Figure 5 illustrates the difference between geocentric
and geodetic latitudes. Unless otherwise specified, maps
generally show geodetic latitude. On the other hand, if
one draws a line from the coordinate origin to a point
and projects the line onto the xy (equatorial) plane, the
angle the line forms with the x-axis (the prime meridian)
is the longitude ¸. Geocentric latitude and longitude are
equivalent to elevation and azimuth in a spherical coordinate system.
When using the ellipsoidal gravitational model, the
normal to the reference ellipsoid coincides with the vertical direction defined by the negative of the acceleration
due to gravity. That is, “up” is in the direction of r̃ in

Fig. 5. Latitude, longitude, and altitude (height) form
an orthogonal set of coordinates. Thus, a set of basis
vectors derived from local ellipsoidal coordinates can
be used to define u1 , u2 , and u3 initially, but not over
time. Rather, the basis vectors must evolve as discussed
in Section II-B.
A target’s position is given in Earth-Centered, EarthFixed (ECEF) coordinates in terms of a vector taken
from the center of the Earth, such as r in Fig. 5.
Such a position can be converted into geodetic latitude,
longitude, and height coordinates (Á, ¸, h) using the
formulae of [66], which are summarized in Appendix
B. Figure 5 shows a point above the reference ellipsoid
with its height h measured with respect to the normal to
the reference ellipsoid. The conversion of a point given
in geodetic latitude, longitude, and height coordinates
(Á, ¸, h) to ECEF Cartesian coordinates can be done as
x = (Ne + h) cos(Á) cos(¸)

(35)

y = (Ne + h) cos(Á) sin(¸)

(36)

z = (Ne (1 ¡ e2 ) + h) sin(Á)
a
,
Ne = p
2
1 ¡ e (sin(Á))2

(37)
(38)

where the first numerical eccentricity of the ellipsoid
is e,
¢p
e = 2f ¡ f 2 ,
(39)
and Ne is the normal radius of curvature [29, Ch. 5.6],
also known as the radius of curvature in the prime
vertical.
A set of local orthogonal basis vectors obtained by
differentiating (35), (36), and (37) with respect to Á, ¸,
and h are
2
3
¡(Ne + h) cos(Á) sin(¸)
dr
6
7
= c1 u1 = 4 (Ne + h) cos(Á) cos(¸) 5
d¸
0

2

6
6
6
dr
= c2 u2 = 6
6
dÁ
6
4

(40)

μ

¶

μ

¶

3

dN
cos(Á) e ¡ (Ne + h) sin(Á) cos(¸)
dÁ
cos(Á)

dNe
¡ (Ne + h) sin(Á) sin(¸)
dÁ

(Ne (1 ¡ e2 ) + h) cos(Á) + (1 ¡ e2 )

dNe
sin(Á)
dÁ

7
7
7
7
7
7
5

(41)
2

3

cos(Á) cos(¸)
dr
6
7
= u3 = 4 cos(Á) sin(¸) 5 ,
dh
sin(Á)

where

dNe
ae2 cos(Á) sin(Á)
:
=
dÁ
(1 ¡ e2 (sin(Á))2 )3=2

(42)

(43)

The constants c1 and c2 in (41) and (40) represent the
fact that the vectors do not have unit magnitudes. It can
be verified that the vectors form an orthogonal basis.
This basis is ENU, because dr=dh points up, dr=dÁ
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points in the direction of geographic North along the
surface of the ellipse, and dr=d¸ points East along
the surface of the ellipse. The ENU coordinate system
refers to the normalized forms of the bases in (40)
through (42).
Since (40) has zero magnitude at the poles, but (41)
and (42) have nonzero magnitudes, u1 is defined by

the local East North and Up components necessary to
use (49) can be found using dot products:

u1 = u2 £ u3

On the surface of the reference ellipsoid, the naturally
evolving coordinate system coincides with the wander
coordinate system of navigation.
On the other hand, in Section V, to compare with
continuous-time extensions of the algorithms of [43],
[81], which rotate a local East-North-Up coordinate
system rather than using naturally evolving coordinates.
In such a coordinate system, u1 = uEast , u2 = uNorth , and
u3 = uUp and (33) can be used to propagate the state
without an explicit differential equation for the basis
vectors, because Subsection IV-B provides formulae for
the East, North, and Up vectors all over the globe.

(44)

to guarantee that it always exists. The longitude ¸
determines the orientation of the North and East axes
at the poles.
C. Computing the Tangent Plane Rotation Vector
In the case of an ellipsoidal Earth model, the rotation
vector − needed to propagate naturally evolving coordinates in Section II-B can be found directly as is done as
an intermediate step in propagating wander coordinates
in [50, Pgs. 54—56]. The instantaneous turn rate ! of
an object that is rotating about an axis is equal to the
speed of the object divided by the radius of the object
from the axis. Here, we wish to find the instantaneous
turn rate of an observer moving above an ellipsoidal
Earth. Under an ellipsoidal approximation, the Earth has
a different radius of curvature going North than going
East. In [61, Sec. 3.5], the different radii of curvature
of an ellipsoid are derived in detail. The radius of curvature in the prime vertical, which is the one relevant
for North-South motion, is given by Ne in (38). The
radius of curvature in the meridian, which is relevant to
East-West motion, is given by
Me = Ne

1 ¡ e2
1 ¡ e2 sin(Á)2

(45)

Given a global velocity vector of a target expressed
in terms of local East, North, and Up coordinates
v = vEast uEast + vNorth uNorth + vUp uUp

(46)

the instantaneous (right-handed) turn rate about the
local East axis (which is needed to correct for Northsouth motion) is
¡vNorth
!East =
(47)
Me + h
where h is the height of the target above the reference
ellipsoid. Similarly, the instantaneous rotation rate about
the local North-axis, which is needed to correct for
(East-West motion) is
v
!North = East
(48)
Ne + h
Thus, the total rotation vector needed to propagate
naturally evolving coordinates is
− = !East uEast + !North uNorth

(49)

As the velocity vector v will be parameterized in terms
of the naturally evolving basis vectors
v = v1s u1 + v2s u2 + v3s u3
42

(50)

vEast = v0 uEast

(51)

0

vNorth = v uNorth

(52)

vUp = v0 uUp

(53)

D. Constructing the Full Propagation Algorithm
Figure 6 consolidates the concepts in the previous
sections to summarize the state propagation algorithm
for fitting a flat-Earth dynamic model to a curved Earth
under an ellipsoidal gravitational approximation. The
Runge-Kutta algorithm, a standard technique for solving deterministic differential equations, is described in
[6, Ch. 5.4, 5.5] as well as in the tutorial [9], and an
adaptive function is built into Matlab under the name
ode45.
V.

DEMONSTRATING THE ALGORITHMS THROUGH
SIMULATION

The validity of the method of adapting a flat-Earth
dynamic model to a curved Earth causes the path of a
constant-velocity flat-Earth motion model to follow the
same geodesic curve that is obtained using established
techniques given the same initial heading. Given a target
state of xt = [r0t , r_ 0t ]0 , where rt is the Cartesian position
as a function of time and r_ t is the Cartesian velocity
vector, the drift term for constant-velocity, flat-Earth
state propagation is
· _l ¸
rt
:
(54)
al (xt , t) =
03,1
Using the notation of Section III, (54) implies that
, t) = 03,1 .
al,rest (r_ lt , xl,rest
t
Given two points on the surface of the Earth (height
h in ellipsoidal coordinates is zero) whose longitudes
neither coincide nor are 180± apart, the geodesic algorithm of [57] provides latitude and longitude pairs
along a geodesic curve connecting the points, along with
a derivative of latitude with respect to longitude. That
derivative can be transformed into an initial heading for
a geodesic curve that would connect those points. Such
a heading is generally expressed as radians or degrees
North of East. North and East define the local tangent
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Fig. 6. The steps for predicting forward a flat-Earth dynamic model on a curved Earth when using an ellipse of revolution approximation
g
for the gravitational shape of the Earth. rt is the target position in the global (curved-Earth) coordinate system; r_ lt is the target velocity in the
l,rest
are other state components in the flat-Earth dynamic model. uNorth is obtained by dividing the quantity
flat Earth dynamic model and xt
on the right by its magnitude. al,rest is the function providing derivatives
of the velocity and
other state components in the flat-Earth dynamic
° °
° °
dr ° dr °
dr ° dr °
model. The simplest initial set of basis vectors is u2,t = dÁ
= dÁ (North), u3,t = dh
= dh (Up), and u1,t = u2,t £ u3,t (East), using the
0
0
0
0
0
expressions of Section IV-B.

plane in the ENU coordinate system, and an angle North
of East is an angle measured from the East axis in the
direction of the North axis. By initializing the local coordinate axes u1 , u2 , and u3 at time 0 to be ENU, then
if μ is the initial bearing provided by the algorithm of
[57], the corresponding initial local (flat-Earth) velocity
3
2
vector is11
cos(μ)
7
6
(55)
r_ lt = v 4 sin(μ) 5 ,
0

where the speed v = kr_ lt k can be set arbitrarily and
determines how long it takes to travel between the
points.
When using the algorithm in Fig. 6, the speed and
number of steps needed for the Runge-Kutta algorithm
to propagate the state a certain distance are related
through the time duration of the step size. If the geodesic
distance between the points on the surface of the Earth
provided by the algorithm of [57] is s, and one wishes
to use Nsteps of time duration ¢t for the Runge-Kutta
method to integrate from the starting point to the desired
ending point, then
s
kr_ lt k = v =
(56)
Nsteps ¢t
is the speed needed for the target state.
11 The

algorithm of [35] and [34] is more robust than [57], but does
not directly provide the latitude versus longitude of the curve to plot.

The thick, green line in Fig. 7(a) is the geodesic
curve on the surface of the Earth between the Mauna
Kea Observatory in Hilo, Hawaii, which is located at
approximately ¡155:470± East longitude and 19:823±
North latitude [55, Sec. J], and Neuschwanstein Castle in Füssen, Germany, which, according to Google
Maps,12 is approximately located at 47:5575± latitude
and 10:7500± longitude. The geodesic curve (which
assumes a constant zero altitude above the reference
ellipsoid) is determined using the algorithm of [57].
When the algorithm of Fig. 6 is used with a constantvelocity motion model propagated for the same distance
(approximately 12,416 km) and the same heading as
that determined by the algorithm of [57], the results
differ by 0.0276 cm (1,000 Runge-Kutta steps spaced
one second apart were used for the propagation). In
Fig. 7(b), the geodesic trajectory under consideration
goes from the Mauna Kea Observatory to New York
City, which according to Google Earth is located at
approximately 40:67± latitude and ¡73:94± longitude.
Again, the difference between the stopping point of the
geodetic estimation algorithm and the propagation algorithm of Fig. 6 is 0.00727 cm after a travel distance
of 7,903 km.
12 Note

that although Google Maps can be used to get approximate positions, its maps use the “web Mercator projection,” which can result
in positional biases to be as high as 40 km in some areas compared
to a correct WGS-84-coordinates [53].
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Fig. 7. In (a) and (b), the thicker, green curve is a geodesic curve from Hilo, Hawaii to Füssen, Germany in (a) and to New York City in
(b). At the scale shown, the geodesic curve, which is determined using the algorithm of [57], is indistinguishable from the prediction of a
flat-Earth constant-velocity motion model applied to the spheroidal Earth when initialized with the same bearing. The red curve in (a) and
(b) is a curve of constant bearing starting with the same bearing as the geodesic curve. That is the curve that the algorithms of [43], [81]
mapping a non-maneuvering flat-Earth model to a curved Earth would follow. The curve gets stuck at the North Pole in (a) and deviates
greatly North in (b). In (c), a curve of constant bearing heading 5± North of East starting in Antarctica is shown and clearly does not follow
a geodesic path. The globe image is derived from an equirectangular projection provided by Visible Earth, which is run by the EOS Project
Science Office at the NASA Godard Space Flight Center. Full credits for the image are at [68], [71]. The projection is re-mapped to a
spherical Earth using the code of [44] (though the code is labeled for a Mercator projection, it actually uses an equirectangular projection),
with minor modifications to use the WGS-84 ellipsoid. The images were made in Matlab and touched-up in Gimp, since Matlab tends to
render three-dimensional lines in a broken, jagged manner.

The primary source of the small difference in the
estimates between the traditional geodetic algorithm of
[57] and the algorithm of Fig. 6 appears to stem from
numerical precision errors that accumulate over the integration period. For example, after converting the location of Hilo to Cartesian coordinates using the formulae
of Section IV-B and then back to ellipsoidal coordinates
using the formulae of Appendix B, the heights differ by
9:3 £ 10¡10 m and the latitudes differ by 4:2 £ 10¡11
degrees. In comparison, the ratio of the error of the final Cartesian location to the distance traveled for the
algorithm of Fig. 6 is 2:2 £ 10¡11 for the trajectory to
Neuschwanstein and 9:1 £ 10¡12 for the path to New
York. Consequently, the algorithm in this paper, which
is implemented using double-precision arithmetic under a constant-velocity motion model, agrees with the
geodesic algorithm of Appendix B to a reasonable precision.
The solid red lines in Fig. 7 are constant-bearing trajectories. Using the tracking techniques of [43] and [81],
a target under a constant-velocity motion model propagated forward in time would follow a constant-bearing
trajectory. Similarly, for purposes of trajectory generation, one might consider using a constant-bearing trajectory on a curved Earth. In Figures 7(a) and 7(b), the
initial bearing matches that of the geodesic. However,
it is clear that the constant-bearing trajectories deviate
greatly from the geodesic path, because following a constant heading in a local ENU coordinate system always
deviates toward the poles, except when following lines
of constant latitude. In Fig. 7(c) a track maintaining a
constant-bearing trajectory is started at a low angle of 5±
44

North of East at a latitude of Á = ¡89± , a longitude of
¸ = 0± , and a height of 0 m, which places it somewhere
in Antarctica. The resulting rhumb line is observed to
spiral greatly going up the globe, and is clearly not a
geodesic curve. In other words, constant-bearing trajectories are not suitable for modeling non-maneuvering
target motion near the poles or over long distances.
Next, the algorithm in this paper is considered for
mapping a maneuvering target state to a curved Earth.
Three models representing well-known maneuvers are
chosen. The first model is a level coordinated turn
model, as described in Appendix C. The second is a
weaving motion model derived in Appendix D, and
the third is a spiraling motion model, as derived in
Appendix E. Appendices D and E also describe how
to make the flat-Earth weaving and spiraling models
travel a certain distance in a desired direction, since
those designing simulations will generally want to know
how to make a target go from one desired location
on the Earth to another. It will be shown that while
the algorithm derived in this paper correctly keeps the
targets from flying off into space, the curvature of the
Earth induces a slight drift in the trajectories in the
local tangent plane compared to a geodesic starting in
the same direction when adapting flat-Earth navigation
methods to a curved Earth. Nonetheless, the flat-Earth
equations for the overall trajectory to have a particular
offset along an initial bearing as given in the appendices
are good approximations to the curved-Earth result.
For the coordinated turn model, an example of an
aircraft circling the Mauna Loa Volcano in Hawaii is
considered. The Mauna Loa volcano is located at a
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Fig. 8. The trajectory of a coordinated-turning plane around Hawaii as found using the algorithm of Fig. 6 is plotted in (a). At this angle
and scale, the flat-Earth approximation would appear to be the same. Using the algorithm of Fig. 6, the target only differs from its starting
altitude by 2.8 nm at the end due to numerical precision errors. On the other hand, using the flat-Earth model, the plane ends 1.13 km too
high, as illustrated in (b), where the green line is the correct curved-Earth model and the blue-line is a flat-Earth approximation centered at
the start of the target trajectory. The land image is again from Visible Earth [68], [72] and the image’s contrast was increased to make the
land more visible. The land image was displayed in Matlab using the imread and imagesc commands. To save the resulting plot while
preventing Matlab from rendering the trajectory and axes as (pixellated) bitmaps, the trajectory and axes were saved separately from the land
in encapsulated postscript (EPS) format, which is a format that supports vector graphics. The axes and trajectory were then combined with
the plotted land image using PowerPoint, and the mixed vector/bitmap image was exported in portable document format (PDF). Had
everything been plotted together, Matlab would have rasterized the vector graphics, even when saved in EPS format, causing the axes either
to be very pixellated or the file size to be excessively large.

latitude of 19:475± , a longitude of ¡155:608± and is
4,170 m high [76]. The aircraft circling the volcano
starts at a location 60 km along a geodesic East of the
volcano (19:4741± latitude,¡155:0365± longitude) at a
heading of due North and an altitude of 10 km.13
To circle the volcano under a flat-Earth model, the
radius of rotation r in Appendix C, should be approximately 60 km. The radius of rotation and the target
speed are related by
kr_ l k = v = r!,

(57)

where ! is the turn rate parameter in the coordinated
turn model. Assuming that v = 193 m/s, which is a reasonable speed for a chartered private jet touring the island, as it is approximately the maximum cruise speed
of an Eclipse 550 [17], the corresponding turn rate is
approximately 0:184301± =s. The turn rate is only approximate when mapped to a curved surface, because
Euclidean geometry is no longer valid and the time to go
in a complete circle mapped to the surface of the ellipsoidal Earth is not necessarily 360± divided by the turn
rate. Nonetheless, the flat-Earth (Euclidean) geometric
approximation for the travel time is a reasonable ap13 The location a desired distance along a geodesic East of the volcano
can be found in the same way that the geodesic curves for Fig. 7 are
evaluated. In this instance, the initial point is the volcano location, but
set to zero altitude. One establishes an initial set of axes as an ENU
coordinate system, and the initial local velocity is in the positive x
direction. The algorithm in Fig. 6 is then used to travel at an arbitrary
speed until the desired distance is traversed.

proximation. Under Euclidean geometry, it would take
about 33 minutes to circle the volcano.
If the aircraft is initially heading due North, at a
constant speed for 16 minutes, the trajectory computed
by the algorithm of Fig. 6 is plotted in Fig. 8 as a
function of latitude and longitude using Nsteps = 1, 000
Runge-Kutta steps of duration ¢t = 160 ms. This trajectory maintains a constant altitude above the ground
to within 2.8 nm at the final point in the trajectory (due
to numerical precision errors). On the other hand, when
using a flat-Earth coordinated turn model centered at
the starting point14 as described in Appendix C, the
final target location is 1.13 km too high, with a total
Cartesian offset of 1.15 km.
The second model under consideration is the weaving motion model of Appendix D. A target might travel
in a weaving or other erratic manner over long distances
to avoid detection while approaching a strategic destination. Here, two flat-Earth weaving models are mapped
to the curved Earth. In the first model, the target weaves
within the local tangent plane (xy plane) and should
maintain a constant altitude above the ground. In the
second model, the target performs weaves in the local
vertical direction, and the weaves should not drift upward or downward over time.
14 The

use of a local level coordinate system for putting flat-Earth
models at any point on the Earth is described in [84, Ch. 3.2.2.7],
where the flat-Earth model is placed on the local tangent plane of the
starting point.
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When using the weaving motion model of Appendix
D, a target is considered flying a weaving trajectory
at an altitude of 10 km from Mauna Loa to Honolulu
(21:3000± latitude, ¸ = ¡157:8167± longitude), according to Google Maps. The target’s speed is set to 680 m/s,
which is approximately Mach 2 and might just be attainable by the MiG in Table I. The relative amplitude of
the weave is ¯ = 0:5 with an initial phase of μ0 = 0 starting from time t = 0. The target performs Nw = 6 weaves
along the path.
The geodesic distance from Mauna Loa to Honolulu
is determined using the algorithm of [57] and is approximately s ¼ 306:552 km. With the given weave parameters over this distance, Appendix D specifies the maximum acceleration felt by the pilot, ignoring gravity. Using the maximum gravity-free acceleration coupled with
the G-force equations of Appendix C-B that account for
gravity, the maneuver in the local tangent plane corresponds to maximum 4.2 G (load factor) turns. When
the maneuver is in the vertical plane using the maximum acceleration of the turn with the maximum Gforce equation of a vertical turn in Appendix C-B, one
obtains an upper bound on the G-force felt by the pilot
of 5.2 G. Both of those bounds are well within the structural limits of the aircraft listed in Table I, highlighting
the realism of the maneuver.
The duration of the maneuver to travel the geodesic
distance between Mauna Loa and Honolulu is determined using the method of Appendix D-B and is found
to be approximately 529 s. However, when the target
maintains an altitude of 10 km, it will stop short of the
destination–the indirect geodetic problem solved with
[57] is only valid for paths on the surface of the Earth.
At higher altitudes, the target must travel farther to reach
the same latitude and longitude.
To perform weaving motion in the local tangent
plane, the axis of rotation used in the weaving model
(the direction of −t ) is the local vertical [0, 0, 1]0 , the
z-axis. When the weaves are in the local vertical plane,
then the axis of rotation is the normalized cross product
of the initial (level-flight) velocity and the local vertical.
In the simulations, 3500 Runge-Kutta steps were taken,
which corresponds to a duration of approximately ¢t =
151:2 ms per step in (56).
Figures 9(a) and 9(c) show the weaving trajectory
after traveling the ground distance of the geodesic curve
(as computed on the surface of the reference ellipsoid)
for a target at an initial altitude of 10 km using the
algorithm of Fig. 6. In Figures 9(a) and 9(b), the target
weaves in the local tangent plane. At the final point, the
target’s altitude differs from the initial point by approximately 1.86 ¹nm when performing horizontal weaves
and 57 nm when performing vertical weaves, which
one would expect to be entirely due to numerical precision problems. However, the target’s Cartesian location
at the end differs from the end of the geodesic curve
raised to the same altitude by 481 m when performing
horizontal weaves and 798 m when performing vertical
46

weaves. This offset in the local tangent plane is primarily because the geodesic curve is computed at zero
altitude whereas the target flies at 10 km altitude, but
also because the flattening factor of the Earth means
that deviations in one direction do not perfectly cancel
by deviation in another.
The third model considered is the spiraling model of
Appendix E. The spiraling model is of interest, because
full physics-based dynamic model derivations, such as
in [73, Sec. 5], often omit expressions for a spiraling
model on a curved Earth as being too difficult. While
the flat-Earth model of Appendix E might not be the
best physical representation of a spiraling target, it is
sufficient to demonstrate the efficacy of the algorithm.
As shown in Figures 9(e) and 9(f), the spiraling model
varies its position in the horizontal and vertical planes,
but does not drift upward.
The same trajectory is chosen for the spiraling model
as for the weaving models, though the initial altitude is
increased to 20 km. The spiraling model is implemented
with 3500 Runge-Kutta steps over a period of T = 600 s.
The angular velocity of the turn component is chosen
to be ! = 2¼Nw =T with Nw = 6 so that there would be 6
spiral cycles over the trajectory. The linear speed of the
spiral track is the distance between the points divided
by the time, which is approximately kvl k = 481 m/s.
The magnitude of the orthogonal velocity causing the
rotation is set to cause the radius of the spiral to be
5 km, which is approximately kvs k = 314 m/s. The total
speed of the target is consequently 574 m/s, which is
less than Mach 2 and is attainable by two of the fighter
jets in Table I. The upper bound on the G-force of the
target as described in Appendix E is approximately 3 G
and is tolerable by all of the aircraft in Table I.
VI. CONCLUSIONS
This paper shows how deterministic flat-Earth dynamic models can be used on a curved Earth via a naturally evolving coordinate system. The technique avoids
the highly unrealistic tendency of many other algorithms
to spiral toward the poles. When the target is constrained
to the surface of an arbitrary-shaped Earth, the solution is exact, assuming that a set of coordinates can
be defined on the surface. Similarly, when the Earth
is approximated as an ellipse of revolution, as in the
WGS-84 standard, then a precise algorithm for simulating targets at arbitrary altitudes is available, because
no curvature of the plumb line exists in the ellipsoidal
model. The moving local coordinate system is equivalent to the wander coordinate system from the inertial
navigation literature. The algorithm of Fig. 6 is a summary of the technique for use on a reference ellipsoid.
When used with a non-maneuvering motion model, the
algorithm can be used to trace out geodesic curves given
an initial heading without encountering singularities in
any direction or at the poles. Unlike traditional geodesic
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Fig. 9. A target traveling between Mauna Loa and Honolulu. In (a) and (b), the target follows a weaving trajectory in the local tangent
plane; in (c) and (d), the weaving is in the vertical plane, and in (e) and (f) the target spirals. In (a), (c) and (e) the straight red curve is the
geodesic curve; in (c), the geodesic is covered by the trajectory. In (b), (c) and (d) the green trajectory, which does not rise, is the model
correctly accounting for the curvature of the Earth; the blue lines, which rise, are local flat-Earth models centered at the starting point of the
trajectory. It can be seen that ignoring the curvature of the Earth introduces a large bias in altitude. Again, the land image is from Visible
Earth [68], [72].
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algorithms, it can compute geodesic curves at constant
altitudes above the reference ellipsoid.
Through simulation, the algorithm of Fig. 6 is shown
to agree with a traditional technique for determining
geodesic curves when applied to a non-maneuvering,
constant-velocity motion model. The algorithm did not
exhibit a tendency to veer toward the poles, as occurs
when using a constant heading model to adapt tracks
to a curved Earth as is the case when using more traditional ENU methods. The generality of the algorithm
is demonstrated with coordinated turn, weaving, and
spiraling motion models. The limiting factor in the approach appears to be the accumulation of numerical precision errors over time, resulting in small (nanometer)
deviations from the target height.
In addition to presenting a technique for mapping
arbitrary flat-Earth dynamic models for aircraft to a
curved Earth, this paper also analyzes the extent to
which the ellipsoidal Earth approximation is valid when
accounting for the fact that aircraft generally use pressure altitude for navigation purposes. This analysis is in
Appendix A. This paper also derived flat-Earth weaving
and spiraling models in Appendices D and E that do not
appear to exist in the literature. The models were derived
along with methods for determining the G-forces felt by
a pilot and determining how to travel a desired distance
in a particular direction while maneuvering.
The most advanced algorithms for simulating target
dynamics are probably those built into commercial and
military flight simulators, such as the many listed in
Jane’s online database of Simulation and Training Systems (part of https://janes.ihs.com). However, for simple design of target tracking algorithms, the cost and
computational resources required for the high-fidelity
models in Janes might not be practicable, which is
probably why such advanced models appear to be absent from the target tracking literature, where simple,
generic flat-Earth models are commonly used. Moreover, highly precise models often have a large number of
parameters to be estimated, not all of which are observable by a radar (comments on the observability of one
sophisticated model are given in [40]). Consequently,
medium-fidelity dynamic models might be more useful
in many tracking algorithm designs. Thus, the technique
presented in this paper can fall into line with those of
[50], [62] for long-range maneuvering target simulations. However, unlike the methods of [50], [62], the
algorithm of this paper can also simulate targets on nonellipsoidal surfaces.
Future work can focus on developing state prediction algorithms that use meteorological data to model
properly the altitude variations experienced by aircraft
navigating using pressure altitude. Similarly, real aircraft do not fly deterministic trajectories. Ergo, future
work can generalize the technique of this paper to map
stochastic motion models to a curved Earth. Nonetheless, deterministic flat-Earth trajectories mapped to a
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curved Earth can specify nominal maneuvering trajectories used by real control systems on aircraft or missiles.
ACKNOWLEDGEMENTS
This research is supported by the Office of Naval Research through the Naval Research Laboratory (NRL)
Base Program. The author would like to thank Dr.
Eric Mokole, and Mr. Steven Brockett from NRL for
their editorial feedback on this manuscript, Dr. Jimmy
Alatishe and Mr. Jerry Kim for their discussions on differential geometry, and Mr. Scott R. Duncan for showing where free, high-resolution Earth imagery could be
obtained.
APPENDIX A. HOW AIR PRESSURE VARIATIONS
AFFECT CIVILIAN AVIATION
Aircraft in controlled airspace normally fly at altitudes computed from measuring a local barometric
pressure and comparing it to a reference mean sea level
value. The reference pressure at sea level in controlled
airspace is usually set to the standard pressure of 29.92
inches of mercury [21]. The pressure altitude is normally determined using a standard atmospheric model.
A number of global and regional standard atmospheric
models are reviewed in [2], not all of which are relevant to aviation.15 For civil aviation, the International
Civil Aviation Organization (ICAO) Standard Atmosphere, the International Standard Atmosphere (ISA),
from the International Organization for Standardization
(ISO), and the U.S. Standard Atmosphere are the most
relevant. As noted in [2], the ISA is identical to the
ICAO standard atmosphere and the World Meteorological Organization (WMO) Standard Atmosphere up to an
altitude of 32 km. The development of the U.S. Standard
atmosphere is described in [47], where it is noted that
the U.S. Standard Atmosphere and the ICAO standard
atmosphere are identical up to an altitude of 32 km. The
defining document for the U.S. Standard atmosphere is
[54].16 In the United States, civilian aircraft are limited
to an altitude of 40,000 ft (12,192 m), with a single
exemption for the Airbus A380-800, which can fly up
to 43,000 ft (13,106.4 m) [14].
The U.S. Standard Atmosphere [54] provides equations relating altitude and pressure within the altitudes
concerning civilian aviation as well as beyond those
bounds. Three equations relating altitude and pressure
are given in the standard. One is for altitudes from
11 km to 20 km and 47 km to 51 km. Another is for
15 Additionally, some of the models are for Mars, Neptune, Titan, and
Venus, rather than for the Earth.
16 The ICAO standard atmosphere and the ISA are not directly cited,
because the U.S. Standard Atmosphere can be freely downloaded,
whereas the other two standards are rather expensive. For example,
one can purchase the ISA from the ISO at http://www.iso.org/iso/
catalogue detail?csnumber=7472 for 210 Swiss Francs (¼ 230 U.S.
dollars). Since all three standards agree from ground level to 32 km
altitude, the freely available U.S. Standard Atmosphere generally suffices for civilian aviation purposes worldwide.
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altitudes above 85 km, and the third is for all other altitudes, but with different parameters in different regions.
Consequently, two different sets of equations are necessary to describe all altitudes up to 43,000 ft, the maximum altitude of a commercial aircraft in the United
States. However, to simplify the analysis here, only the
model from ground level to 11 km (36,089 ft) is considered.
The relationship between the altitude above mean
sea level z and the atmospheric pressure for altitudes
from ground level to 11 km is
rh
z= 0 ,
(58)
r0 ¡ h
where h is the geopotential altitude given by
!
Ãμ ¶
¡L0 R=g0 M0
P
T0
¡1
h=
L0
P0

(59)

and
r0 = 6, 356, 766 m
Nm
kmol K
P0 = 101, 325:0 Pa
R = 8314:32

m
(60)
s2
kg
M0 = 18:9644
(61)
kmol
T0 = 288:15 K
(62)
g0 = 9:80665

K
:
(63)
m
The value r0 is the effective radius of the Earth and g0
is the magnitude of the acceleration due to gravity at
sea level, which differ from the more modern values
derived from the WGS-84 standard [13]. The value R
is the ideal gas constant, also known as the molar gas
constant. The value of R in (61) is provided in [54],
which differs slightly from the modern value standardized by the Committee on Data for Science and Technology (CODATA) in [48]. The quantities M0 and P0
are respectively the mean molecular weight of the atmospheric constituents at the surface of the Earth and
the standard atmospheric pressure at sea level. The air
pressure at the surface of the Earth P0 is approximately
equal to 29.92 inches of mercury on a barometer at
the standard temperature TM,0 = 15± C. Note that many
sources erroneously use the geopotential altitude in (59)
as the true altitude instead of (58).
The relationship between the geopotential altitude h
and the true altitude above sea level z is
Z
1 z
h=
kgkdz,
(64)
g0 0
L0 = ¡6:5 £ 10¡3

where g is the acceleration due to gravity at altitude
z and g0 is the magnitude of the acceleration due to
gravity at mean sea level.17 Equation (59) comes from
17 Mean sea level is defined as a surface of constant gravitational potential. Surprisingly, it is not a surface where the magnitude of the
gravitational acceleration kgk is constant. In [29, Ch. 2.9], the magnitude of the gravitational acceleration on an ellipsoidal approximation
of the Earth is derived and varies with latitude. Thus, the assumption
that g0 is a single constant everywhere is just an approximation.

using a very simple approximation to the magnitude of
the acceleration due to gravity at height z, specifically,
μ
¶2
r0
kgk = g0
:
(65)
r0 + z
In other words, by modern standards, the U.S. Standard
atmosphere is not a high-precision model. However, it
forms the basis of pressure-based altimeters for civilian
aviation and is a good approximation for basic analysis.
To determine how much local pressure variations
can affect the true altitude of an airplane flying according to a pressure altitude, an example of an aircraft flying at a pressure altitude of 7,620 m (25,000 ft)
is considered. Using (58) with the standard parameters shown, the pressure at the aircraft’s altitude is
P = 52, 991:6 Pa. The maximum and minimum (excluding tornadoes) recorded sea-level air pressures are
108,330 Pa and 87,000 Pa [39]. Using P = 52, 991:6 Pa
for an aircraft at a constant pressure altitude of 7,620 m,
but varying P0 to both of the extremes, the true altitude varies from 5,953.45 m (19,532 ft) to 8,328.2 m
(27,323 m).
In comparison, in the United States, aircraft are
placed in 500 ft (¼ 152 m) flight levels. A flight level is
the height in feet divided by 100. The use of flight levels
begins at 18,000 ft, corresponding to flight level 180,
denoted FL180. For pilots operating under instrument
flight rules (IFR), which is generally all pilots flying
in flight levels, air traffic controllers space the aircraft
through FL410 a distance of 1,000 ft apart vertically.
That is, they are two flight levels apart. Above FL410,
aircraft are spaced 2,000 ft apart, except for supersonic
and military aircraft [21]. If a pilot sets his altimeter to
use the standard MSL air pressure and the air pressure
is at the record minimum, then the pilot will fly about
10.9 flight levels lower, compared to the ground, than
on a normal day. On the other hand, if the air pressure
is the record high, then the pilot will fly about 4.6 flight
levels too high.
In practice, the extreme low is unrealistically extreme, since it was taken in the middle of Typhoon
Tip in 1979, and generally only research and military
aircraft would knowingly venture into a strong hurricane. A more realistic lower bound for the air pressure
is 98,000 Pa, which is the very bottom of the pressure
range of a category 1 hurricane on the Saffir-Simpson
scale [3], and is the value used as a lower bound on
the atmospheric pressure in [18], where the feasibility
of reducing the minimum vertical separation between
planes (which was larger back then) was studied. In
this instance, the minimum air pressure extreme leads
to an altitude of 7261.4 m (23,823 ft), which is an offset
of 2.4 flight levels. Additionally, when the air pressure
extrapolated to mean sea level in a location is above 31
inches of mercury (¼ 104, 966 Pa), air traffic control in
the United States is supposed to instruct pilots to set
their altimeters to use 31 inches of mercury as P0 [21];
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so in many instances the vertical offset due to pressure
changes also spans fewer flight levels.
This variability in altitude of an aircraft traveling at
a constant barometric altitude exceeds the variability in
the height above the reference ellipsoid due to gravitational variations when using an ellipsoidal approximation of the Earth (Using the data in [52], the reference
ellipsoid differs from mean seal level by up to +84 m
and ¡107 m). Consequently, if one wants more precise
aircraft prediction models on a curved Earth than the
technique presented in this paper, one must consider the
use of meteorological data, not just the use of a more
precise geoid approximation than an ellipsoid.
APPENDIX B. CONVERTING FROM CARTESIAN TO
GEODETIC ELLIPSOIDAL COORDINATES
The conversion from Cartesian (x0 , y0 , z0 ) to ellipsoidal (Á, ¸, h) coordinates is a difficult problem. A table
of 80 references addressing the topic is given in [20].
Generally, an explicit, numerically stable solution is the
most desirable. In this appendix, the solution of [66],
which is a stabler form of [65], is reviewed. When using
typical parameters for the Earth’s ellipse, it is noted in
[65] and [66] that this conversion is valid for all points
outside of a small ellipsoid around the center of the
Earth, whose radius is about 43 km. Considering that
no one has ever managed to drill through the 6 km of
crust of the Earth to reach the mantle, though it might
be technically feasible [70], this restriction is in practice meaningless for all applications of this coordinate
conversion outside of, perhaps, seismic research.
It is assumed that the semi-major axis a and semiminor axis b of the reference ellipsoid are known and
that the reference ellipsoid is centered on the Cartesian
origin. Section IV describes the relationship between the
different formulations of ellipsoidal parameters. Given
the Cartesian point (x0 , y0 , z0 ), the corresponding latitude, longitude, and ellipsoidal height are
¶
μ 2
z(² + 1)
(66)
Á = arcsin
Ne
¸ = arctan 2(y0 , x0 )

(67)
2

h = r0 cos(Á) + z0 sin(Á) ¡

a
,
Ne

(68)

where z, ², Ne , and r0 are found by computing
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Fig. 10. The force diagram used to derive the relationship between
the turn rate and the load factor. The force Fg is the force due to
gravity and is aligned with the negative z-axis. The force Fc is the
centripetal force, which points toward the center of the circle of
rotation when turning. During a level, coordinated turn, the aircraft
remains in the xy plane, which is perpendicular to the z-axis, with μ
being the bank angle of the aircraft. In the ideal scenario, a lift force
Fn is only produced in a direction perpendicular to the wings of the
aircraft. When the aircraft is not turning, the lift is straight up and
counters Fg . When the aircraft is in a coordinated turn, the lift is
such that the plane does not move in the z direction during the turn
and such that the required centripetal force Fc is present to make the
turn occur.

t = 16 (1 + Q + Q¡1 )
p
c = u2 ¡ 1 + 2t
(74)
c¡u
w=
(75)
2
Ã
!
r
p
p
t
1
t2 + v ¡ uw ¡ ¡
z = sign(z0 ) q w +
2 4
(76)
r
²2 z 2
(77)
Ne = a 1 + 2 :
b
The term e is known as the first numerical eccentricity; ²
is the second numerical eccentricity. The four-quadrant
inverse tangent in (67) is not uniquely defined at the
poles, when x = 0 and y = 0. However, many implementations of the four-quadrant inverse tangent, such
as the atan2 function in Matlab, will return zero in that
instance. On the other hand, the ArcTan function in
Mathematica correctly returns an indeterminate quantity. In a practical system, it is often preferable for a
zero longitude to be returned at the poles rather than
something indeterminate.
Care must be taken with the outer square root in
(76), because when the argument is near zero, finite
precision problems have been observed to cause the argument to become slightly negative. A practical implementation should check for negativity and insert zero instead. A similar check might be necessary for the square
root in (74).
APPENDIX C. A FLAT-EARTH PLANAR TURN MODEL
A. Deriving a Model for Circular, Planar Turns
A coordinated turn is one where an aircraft maintains a constant altitude and speed. Figure 10 is an ap-
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proximate free body diagram (ignoring drag, wind, and
the Coriolis force) of the forces affecting the center of
mass of a turning aircraft. The primary forces are gravity Fg , which in a flat-Earth model can be aligned with
the local z-axis, and lift Fn , which is assumed to act
normally to the body of the aircraft. To maintain a constant altitude, Fg + Fc should act perpendicularly to the
gravity vector. If kFc k is constant, then the shape of the
aircraft’s maneuver will be a circle.
Constant-speed circular motion causes the acceleration to be orthogonal to the velocity. If r̈t denotes acceleration, then
r̈t = −t £ r_ t ,
(78)
where £ denotes the cross product, the direction of
− is the axis of rotation, and the magnitude of −t
determines the turn rate at time t. For a coordinated
turn on a flat Earth, the turn must remain in the xy
plane. Consequently, the full dynamic model is
3
2
2 3
r_ t
0
7
6
6 7
_
−t = 4 0 5
(79)
a(xt , t) = 4 −t £ rt 5
!t

0

0

for a target state xt = [rt , r_ t , !t ] . The model in (79)
is the same as the basic two-dimensional horizontal
coordinated turn model in [40]. This model can easily
be expanded to a turn in an arbitrary plane by setting
−t = !t urot , where urot is the rotation axis desired. To
make the model a flat-Earth approximation in a local
tangent plane on a curved Earth, set urot to the local
vertical at the point of reference. In Section V, the point
of reference was taken to be the starting point of the
trajectory.
B. Relating Turn Rates to G-Forces
Section V related the turns in the simulations to the
force felt by the pilot so as to justify the realism of
the turn rates used. One feels 1 G when standing on
the ground. A pilot will typically lose consciousness
for turns producing between 4.5 and 5 Gs, whereas
military pilots wearing “anti-G” suits can sustain up
to 8 Gs. Combat aircraft are usually designed for load
factors of at least 8 Gs [45]. Obviously, unmanned
aircraft could be designed to withstand turns that would
render a pilot unconscious. A reasonable baseline for
simulation design can be the parameters for the F-16
Fighting Falcon, which are given in Table I.
The term !t is the turn rate in radians per second and
can be related to the force felt by the pilot using simple
equations for centripetal acceleration. In the coordinated
turn model, ignoring wind and drag, the force that the
aircraft must generate to maintain altitude and speed
during the turn must counteract both the gravitational
force and the centripetal force, as shown in Fig. 10. The
centripetal force can be written from the acceleration in
(79) as
(80)
Fc = m−t £ r_ ,

where m is the mass of the aircraft. The force that the
aircraft must generate to maintain altitude and speed
during the turn must counteract both the gravitational
force and the centripetal force, as shown in Fig. 10. This
normal force, designated by Fn , is the lift produced by
the plane such that a centripetal force of Fc is obtained.
The normal force is thus
Fn = Fc ¡ Fg
= m−t £ r_ ¡ mg,

(81a)
(81b)

where g is the acceleration due to gravity (kgk ¼
9:81m=s2 ) on the surface of the Earth.
Dividing out the mass in (81b), the acceleration is
obtained. When the magnitude of the acceleration is
divided by kgk, the load factor, which is the G-force
felt by the pilot, is obtained18
k−t £ r_ ¡ gk
G-force =
:
(82)
kgk
Equation (82) is useful in that it can express the G-force
felt by the pilot not only for coordinated turns, but also
for circular turns in any axis. In such an instance, the
vector −t need not point to the local vertical. Equation
(82) was used in Section V to find the maximum Gforce of the turns under the weaving maneuver model
of Appendix D for weaves outside of the local tangent
plane.
When performing a level coordinated turn, that is −t
is as in (79), then (82) can be simplified to
p
(!t )2 kr_ k2 + kgk2
G-force =
:
(83)
kgk
In such an instance, the G-force can be related to the
bank angle μ of the aircraft in Fig. 10 by substituting
(83) into the expression for the tangent of μ to obtain
p
(84)
G-force = (tan[μ])2 + 1:
On the other hand, if the turn is in the vertical direction, then the maximum G-force is felt when the cross
product of the turn axis and velocity vector aligns with
the gravitational acceleration and is
kr_ k
G-force = 1 + !
:
(85)
kgk

More sophisticated aircraft dynamic models, such as
[49] and other models based on aircraft aerodynamics
as surveyed in [40], require significantly more elements
in the target state. Aircraft turns need not always be circular in nature, especially if the turn is not in the tangent
plane. For example, parabolic trajectories are often used

18 Equation (82) does not differentiate between positive (feel pushed
down in one’s seat) and negative (feeling pulled out of one’s seat) Gforces (load factors). Aircraft typically have different tolerances for
positive and negative load factors before they break. As per Part 23,
Section 337 of the FAA’s Federal Aviation Regulations, the negative
load factor that small aircraft in the United States must withstand is
only 40%—50% the magnitude of the maximum tolerable positive load
factor.
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to obtain weightless environments without going into
space [33]. Nonetheless, the model in this appendix can
be useful, because it requires fewer parameters than the
sophisticated model of [49] and can thus be initialized
with a smaller number of measurements if used in a
target tracker. For general circular turns, the orientation
of −t would also have to be estimated.
APPENDIX D. A FLAT-EARTH WEAVING TARGET
MODEL
A. Deriving a Model for Variable-Rate Planar Turns
Weaving target models often arise when designing
proportional navigation systems for missiles, such as
in the examples discussed in [82, Chs. 21, 26, 30] and
[56], where weaving is considered as a countermeasure.
A simple weaving target model can be obtained by
varying the turn rate !t in the coordinated turn model
of Appendix C as a function of time.
Consider setting
!t = A cos(®t + μ0 ),

(86)

where ® is the weave rate, μ0 is a phase offset, and A is
the weave amplitude. The weave amplitude determines
how much the target varies from a straight trajectory.
For simplicity, it is assumed that A > 0. A reasonable
upper bound on the weave amplitude would be such
that the target traces out a series of 180± turns that
alternate in direction so that the target moves forward.
A weave amplitude resulting in total turns greater than
180± would have the target doubling back on its path in
parts and not necessarily following a clear trajectory.
To determine the upper bound on A, consider the
case where μ0 = 0, without loss of generality. In such
an instance, at time t = 0, !t is at its maximum. The
integral of !t over time gives the total turn. For a target
to make a series of 180± turns of alternating directions,
the accumulated angular change should be a quarter of
a circular rotation; that is
Z ¼=2®
¼
A cos(®t)dt:
(87)
=
2
0
Consequently, the maximum allowable value of A before the trajectory starts describing loops is
¼®
:
(88)
A·
2
Smaller values of A make the track straighter. To make
the overall direction of the weaving track follow a
desired path, set the initial velocity point in the overall
direction of the path and set μ0 = ¡®t at the initial time
t when the weaving trajectory begins.
B. Determining How to Arrive At a Desired Point
In the simulations, the parameters were chosen such
that a desired integer number of weaves were made
from the starting position to get to an ending position
a known distance away. In this section, the time and
52

speed needed to perform the desired number of weaves
and end up at the desired ending position when the
weaves are made is derived. It is assumed that the track
begins with ®t + μ0 = 0 and, without loss of generality,
that the x-axis is aligned with the initial direction of
motion and the weave is in the xy plane. The assumption
that ®t + μ0 = 0 can be replaced by setting the initial
time to 0 and μ0 = 0. These assumptions mean that the
trajectory reaches the desired point at a time when y = 0.
Using (86) and (79), along with these assumptions, the
accelerations in the x and y coordinates can be written
r̈x,t = ¡Ar_y,t cos(®t)

(89)

r̈y,t = Ar_x,t cos(®t):

(90)

Solving for r_y,t in (89),
r_y,t = ¡

r̈x,t
,
A cos(®t)

(91)

and taking the derivative of (91) with respect to time
yields
...
r + ®r̈x,t tan(®t)
:
(92)
r̈y,t = ¡ x,t
A cos(®t)
By combining equations (90) and (92), one obtains the
differential equation
...
rx,t
r̈x,t
0=
+
(® tan(®t)) + Ar_x,t cos(®t):
A cos(®t) A cos(®t)
(93)
It can be verified that a solution to (93) is
μ
μ
¶
¶
A sin(®t)
A sin(®t)
_rx,t = c1 cos
+ c2 sin
: (94)
®
®
The values of c1 and c2 can be directly found from
the initial conditions at time t = 0: r_x,t jt=0 = r_x,0 and
r_y,t jt=0 = 0. Applying these initial conditions to (91) and
(94) yields
c1 = r_x,0
c2 = 0,
(95)
so that (94) becomes
r_x,t = r_x,0 cos

μ

¶
A sin(®t)
:
®

(96)

Next, it is known that at the final time on the trajectory
tend , which is still unknown, the y position of the target
should be equal to the initial y position (it ends with an
integer number of weaves). Without loss of generality,
assume that ry,0 = 0, which implies
μ
¶
Z t
Z t
end
end
A
r_y,t dt =
r_x,0 sin
ry,t =
sin(®t) dt = 0:
end
®
0
0
(97)
The ending position with respect to the y axis is zero
when
2¼Nw
,
(98)
®=
tend
where Nw is the positive integer number of weaves
desired, because the integral is over an integer number
of periods of the inner sine in (97) and the outer sine has
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no phase offset. Thus, for every t such that the argument
of the integral has a positive value, there exists a t offset
by a fraction of the period of the inner sine to cancel
that.
Using (96) and (98), and assuming without loss of
generality that the rx,0 = 0, the distance traveled in the
x direction up to time tend is
Z t
end
r_x,t dt
rx,t =
end

0

= r_x,0

Z

0

tend

μ

μ
¶¶
Atend
2¼Nw
cos
sin
t
dt: (99)
2¼Nw
tend

The distance traveled rx,t is a known quantity that gets
end
one to the desired location along a geodesic curve from
the initial location. The only unknown term in (99) is
the travel time tend .
From (98) and (88), the bound on A becomes
A·

¼ 2 Nw
:
tend

(100)

Fig. 11. The weaving motion for the same displacement, speed,
and number of weaves varying only ¯, whereby tend also changes so
the same endpoint is reached. The solid red line is ¯ = 1; the dashed
green line is ¯ = 1=2. The axes are in unit of meters, the speed is a
constant 10 m/s, and Nw = 6.

If A is equal to the maximum value in (100), the
argument of the cosine function in (99) is within the
range §¼=2, so the cosine function is always positive.
However, if a larger A is used, then the cosine function
can be negative, causing the target to go backwards in
the x direction. The backwards motion of the target with
A larger than the limit in (100) confirms the limit on
A of Subsection D-A. To simplify the notation in the
following optimization routine, A is expressed as a scale
factor ¯ (0 < ¯ · 1) times the maximum allowable value
of A; that is,
¼2 Nw
A=
¯:
(101)
tend
Figure 11 shows how the shape of the curve changes
with different values of ¯.
Given bounds on tend (tend < 3rx,t =r_x,0 was used as
end
an ad-hoc upper bound in the simulations) and noting
that (99) increases monotonically for allowable values
of ¯, one can numerically estimate tend with the optimization
¯
μ
μ
¶¶ ¯
Z tend
¯
¯
2¼Nw
¼
t̂end = arg min ¯¯rx,tend ¡ r_x,0
cos ¯ sin
t
dt¯¯ :
tend
2
t
0

end

(102)

Equation (102) can be numerically solved using a line
search technique, such as the golden section search described in [4, Appendix C], with a numerical integration
technique, such as those described in [6, Ch. 4]. In Matlab, one can use the function fminbnd to perform the
minimization with integral for the numerical integration. In Mathematica, one can use the NMinimize command for the minimization with the NIntegrate command for the integration. Consequently, given a speed
r_x,0 , a desired distance traveled along the initial direction
of motion rx,t , a value of ¯ determining the relative
end
amplitude of the weave, and the number of weaves Nw ,

Fig. 12. An example of a spiraling trajectory starting from the
origin with vl = [100 m/s, 0, 0]0 , vs = [0, 50 m/s, 0]0 , and ! = ¼=4.
The axes are in units of meters.

the time necessary to travel the desired distance can be
determined.
On the other hand, if one wishes to create a simulation that goes a particular distance rx,t weaving Nw
end
times with amplitude scale factor ¯ over a fixed period
of time tend , then the necessary speed is simply
rx,t
end
μ
¶¶ :
μ
r_x,0 =
(103)
R tend
¼
2¼Nw
cos
¯
t
dt
sin
0
2
tend
APPENDIX E.
MODEL

A FLAT-EARTH SPIRALING DYNAMIC

In [9], a non-ballistic flat-Earth spiraling dynamic
model is derived by rotating the axis of a coordinates
turn about the velocity vector.19 One formulation of this
19 Readers

are advised to consider [59] if a ballistic spiraling model

is desired.
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model is

equation in (107) has the form
r̈ = − £ r_
μ
¶
_ = !˜ − £ r̈ ,
−
kr_ k

(104)

vsy = c1 cos(!t) + c2 sin(!t)

(109)

(105)

vsz

(110)

where − is the instantaneous turn axis that is orthogonal
to the velocity and !˜ is a constant affecting the rate of
the spiral. Generally, − does not have unit magnitude.
The spiraling dynamic model of [9] is a constantvelocity model and ignores the effects of gravity. Unlike
the weaving model of Appendix D, it is difficult to
determine the actual direction in which the target will
travel during the spirals.
Thus, an alternative constant-velocity spiraling model
is presented here. Again, this is an approximate model
that is not directly derived from aerodynamic and gravitational equations. The new spiraling model is
r_ = vl + vs
μ
¶
vl
_vs = !
£ vs :
kvl k

(106)
(107)

A drift equation corresponding to this model is
2 3
r_
6_ 7
a(xt , t) = 4 vs 5

(108)

v_ s

for a target state of xt = [r, r_ , vs ]0 (r_ and vs differ by a
constant offset, so two of the derivative vectors in the
drift equation are equal). Figure 12 shows an example of
a trajectory arising from the spiraling dynamic model.
In practice, since vs = r_ ¡ vl , the vs term does not
need to be stored directly in the state. In the model of
(108), the velocity r_ is the sum of orthogonal linear
vl and turning vs components. The linear component is
time-invariant. The turning component rotates about the
linear component with a turn rate of ! rad/s. To make a
target spiral in a particular direction, vl should point in
the desired direction of motion. The magnitude of vl is
the speed at which the target advances along the average
trajectory about which the spiral turns, and vs has to be
orthogonal to vl . When programming a simulation of
a spiraling target where the spiral neither ascends nor
descends, it is reasonable to set the initial direction of
vs to the local vertical. In a flat-Earth model, this is
generally the z-axis, since vl would usually be placed
in the xy plane. The magnitude of vs determines the
distance of the target from the center of the spiral as
well as the G-forces felt by the pilot.
The relationship between the distance of the target
from the center of the spiral and the magnitude of vs
can be determined by solving the differential equations
for position. This determination can be made by assuming that vl = [vxl , 0, 0]0 and vs = [0, vsy , vsz ]0 . In such an instance, it can be verified that a solution to the differential
54

= c2 cos(!t) ¡ c1 sin(!t),

where c1 and c2 are constants determined by the initial
conditions and t is time. Assuming that at time t = 0,
vsy = 0 and vsz = vM , then c1 = 0 and c2 = vM . Substituting vs , with y and z components given by (109) and
(110), into (106) and integrating from time t = 0, at time
t the target will have moved from its initial position by
3
2
vxl t
7
6 vM
7
6
(111)
r = 6 ! (1 ¡ cos(!t)) 7 :
5
4
vM
sin(!t)
!
The magnitude of the y and z components, which are
the only components affected by vs , is a constant vM =!
and the rotational velocity is a constant kvs k = vM .
Consequently, the ratio of the rotational velocity to
the turn rate determines the radius of the spiral. As
for setting realistic bounds on the values so that the
G-forces tolerable by a pilot will not be exceeded,
the values in Appendix C-B are relevant given ! and
the magnitude of vs , since those are the only velocity
components that experience acceleration in the model.
Unlike with the weaving model of Appendix D, it is
fairly simple to have the simplified flat-Earth spiraling
target model go a desired distance in the xy plane: If vl
is in the xy plane and ! times the traveling time T is
a multiple of 2¼, then the target will be located at vl T
from its original position.
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1 INTRODUCTION

Road Network Identification
by means of the Hough
Transform with Uncertainty
Analysis

ERIC SALERNO
NAGAVENKAT ADURTHI
TARUNRAJ SINGH
PUNEET SINGLA
ADNAN BUBALO
MARIA CORNACCHIA
MARK ALFORD
ERIC JONES

The focus of this paper is on the use of ground target kinematics
to estimate the underlying road network on which the vehicles
are assumed to be travelling. Assuming that the road network
can be represented as an amalgamation of straight line segments,
a Hough transform approach is used to identify portion of road
which correspond to straight line segments. Since multiple tracks
can be associated with one segment of the road and since the
track estimates are inherently uncertain, an iterative approach
is presented to identify a parametric representation of the line
segments of the roads using the total least squares cost function.
Cramér-Rao bounds are identified to characterize the bounds on
the uncertainty associated with the proposed approach. A complex
dataset which include multiple tracks is used to illustrate the ability
of the proposed algorithm to identify the underlying road network
and characterize the uncertainty associated with the parametric
estimate of the road.
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Automatic cartographic feature extraction has been
the goal for road network identification given the
tremendous growth in automobiles with navigation systems, and the interest in driverless cars. In post hurricane disaster scenarios when bridges and roads might
be washed out, there is a need to rapidly update road
network databases for logistics. In regions of conflict or
deserts, there is a need to develop road maps to identify safe travel routes. Precise road networks can also
be used to enhance the performance of ground vehicle
trackers by restricting the motion of the target to the
road network.
Synthetic Aperture Radar (SAR) and Ground Moving Target Indicator (GMTI) data is often processed and
analyzed to produce such networks. SAR produces images of varying intensity which can be processed to
separate buildings, roads, and terrain. However, SAR
is only able to detect prominent existing features [1].
For example, SAR will only detect a road if there is a
distinct outline of such a path. GMTI on the other hand
tracks moving targets and relays the latitude and longitude coordinates as well as the kinematic information.
The disadvantage of GMTI, however, is the necessity of
a moving target. Should the target stop or be obstructed
in any way from the sensors, the tracker will lose the
target for the duration of the obstructions [2]. Many of
the currently available algorithms rely on information
from pre-existing road maps, however, in many scenarios the availability of this a priori information is limited
and inaccurate. In some situations there are no existing road maps, such as in times of conflict in desert
regions. Therefore the need for an algorithm which can
accurately estimate road networks in a timely manner
is of great importance. Furthermore, there is a lack of
a real quantifiable measure of the accuracy of the extracted road estimates. Several available algorithms use
a “completeness” and “correctness” measure, which is
a comparison of the extracted road network and the actual network [3, 4, 5, 6]. However, as previously stated
in many situations there are no available true networks
(i.e., desert regions) so the metrics used to evaluate the
performance of algorithms are not relevant.
Hu, Razdan, Femiani, Cui, and Wonka use a spoke
and wheel method in order to determine the footprints [5]. These footprints or polygons, are road segments which span in any direction and terminate when
the intensity of the spoke or line segment falls below
a threshold. Then a toe-finding algorithm is used to
determine the number of branches in the footprint. In
this portion of the algorithm, if the angle between two
branches is less than 45 degrees they are merged, in
some cases this will eliminate Y-shaped intersections
and parallel roads. Instead of using centerlines to approximate the road network they utilize inscribed lines
to define the road structure. Finally the road network
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is trimmed to eliminate noisy data which might contribute to false roads, and also possible gaps between
roads due to obstructions. This algorithm relies heavily
on pre-existing information pertaining to roads such as
the possible shapes of intersections, road widths, and
angle of roads at these intersections.
Tupin, Maitre, Mangin, Nicolas, and Pechersky first
identify linear features in the data and then separate
the true segments by using a Markov random field
(MRF) [1]. Two different line detectors are used to
identify candidate road segments and then the results
of these two detectors are fused together. With the
identification of the candidates, the MRF-based model
fills in large gaps and removes the false detections. This
MRF-based model relies on a priori information of the
road network being developed. The assumption is made
that all roads lead to an initial starting point which can
limit the accuracy of the overall algorithm.
Shackelford and Davis use a pixel-based fuzzy classifier and an object based classification approach to
identify the road networks [6]. Skeletonization is an approach in which the image is thinned or eroded away until only the essential lines remain. This method produces
a large amount of false positives in the road network.
The second approach utilized is an iterative approach
in which the longest roads are initially identified and
then shorter and shorter segments are added throughout
the algorithm. The second algorithm proves to be much
better than skeletonization, however, the “completeness”
measure of the road network has decreased in both the
urban and suburban scenarios for the second algorithm
when compared with the first.
Sklarz, Novoselsky, and Dorfan focus on the fusion
of linear segments and curves based on a unified entity
approach rather than a single pixel based approach [7].
The road network can either begin as a blank slate or
already contain roads. As new tracks become available
the curve is associated with an existing curve if one
exists otherwise a new segment of road is added to the
existing network. Should a track already exist, the new
track is cropped into segments to match with the relative endpoints of the pre-existing road segments. The
optimization of the curve fusion’s computational complexity increases drastically as the curves are discretized
into more finite segments thus limiting the potential of
the algorithm.
Koch, Koller, and Ulmke utilize a Multiple Hypothesis Tracking (MHT) algorithm, which consists of target track extraction, prediction, filtering, track maintenance, and retrodiction [2]. It is assumed that the posterior probability density function is Gaussian, thus the
Kalman filter is utilized since the algorithm breaks the
road up into linear segments. The pruning removes any
segments, which have a weight smaller than a threshold,
depending on the threshold this could cause some issues
with removing actual tracks. The merging depends on
segments having similar state vectors and covariances.

Fig. 1. Algorithm flow chart.

In this paper, a method for developing road networks
and characterizing the uncertainty in these estimates is
developed. It is assumed that road networks can be broken down into piecewise linear segments. Figure 1 illustrates the sequence of processing of data to generate
a parameterization of the road network with the associated uncertainties. The initial processing of the data
is done by creating a binary image of the track data
and extracting possible line segments using the Hough
transform. This is followed by the clustering of the data
associated with the identified straight lines. Since the
Hough transform does not provide a measure of uncertainty, the Total Least Squares approach is implemented and the Cramér Rao lower bounds is derived
from this maximum likelihood estimate. The Total Least
Squares solution allows for an iterative estimate, which
is updated in time as additional measurements become
available. The Least Squares solution will be used as
an initial estimate for the recursive Total Least Squares
algorithm. Once the data collection has been terminated
the individual line segments can be merged, extended
or trimmed, and blended to produce a more complete
road network.
Section 2 details the derivation of the Hough transform for identifying straight line edges in an image.
The recursive Total Least Squares solution is presented
in Section 3 along with the corresponding uncertainty
analysis and derivations. In Section 4 the results of the
algorithms outlined are applied to a data set and we
conclude the paper with suggestions for future research
in Section 5.
2 HOUGH TRANSFORM
The Hough transform is a well studied feature extraction technique that has been used extensively in
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Fig. 2. Parameter identification.

image analysis [9]. This transform requires the image
to be binary in nature, where white pixels correspond to
ones and black pixels correspond to zeros. The derivation of the Hough transform requires basic trigonometric identities. Suppose we have a line oriented as shown
in Figure 2 then by defining the parameters ½ and μ
we can derive the Hough transform. The perpendicular
distance from the origin to a line is denoted by ½. The
angle that this distance vector makes with the x-axis is μ.
We note the definitions of the cosine and sine functions:
x
y
cos μ =
sin μ = :
(1)
½
½
Algebraic substitution of a single cosine and sine term
in the Pythagorean trigonometric identity leads to the
equation:
y
x
cos μ + sin μ = 1:
(2)
½
½
It is now a simple matter to rearrange Equation (2) to
obtain the conventional form of the Hough transform as
given by the equation:
½ = x cos μ + y sin μ:

(3)

Now if Equation (3) is rearranged into a slopeintercept form
y=¡

½
cos μ
x+
sin μ
sin μ

(4)

we can infer that when μ approaches zero degrees,
corresponding to a vertical line, the slope tends to

infinity, resulting in an poor parameterization of the line.
However, using Equation (3), we avoid this problem.
The principle concept of the Hough transform in the
line identification algorithm can be stated as the following: if two points are collinear then they share a pair
(½, μ) of commonality in the Hough space. However, in
order to determine this common pair, a Hough matrix
must be constructed, this is done by iterating over a μ
range of ¡90 to 90 degrees for each white pixel, which
corresponds to the (x, y) coordinates, in the image. Recall that μ is the angle the ½ vector makes with the x-axis.
We can imagine that an arbitrary number of lines (black
solid lines) pass through each coordinate shown by the
solid black lines in Figure 3, which are associated with
a (½, μ) given by the normal lines passing through the
origin shown by the dashed lines. The solid blue line
is the line of interest and Figure 3 illustrates two points
which lie on this line. Note that both these points illustrated by the solid circle have a coincident (½, μ) pair,
which parameterize the dashed blue line.
For each white pixel of the binary image with a
coordinate xi , yi determine the parameter
½(μ) = xi cos(μ) + yi sin(μ)

(5)

which corresponds to a sinusoid in the (½, μ) space.
Determine the (½, μ) pair for every white pixel of the
binary images, round it to the closest discretized value
of (½, μ), and augment the appropriate indices of an
array called the accumulator. Since every point on a
line will share a unique (½, μ) pair which corresponds
to a line normal to the line of interest passing through
the origin, the accumulator bin with the highest count
will correspond to parameters of a straight line. Figure 4
illustrates the mapping of the Hough accumulator with
the white pixels indicating a higher count compared to
the black pixels. The point highlighted by the square
corresponds to the (½, μ) combination associated with a
straight line.
Matlab’s image processing toolbox is used to determine the Hough transform, identify the peaks which
corresponds to the straight lines, identify the points on
the images corresponding to the identified line segments
which are subsequently used to characterize the uncertainty of the identified lines.

Fig. 3. Collinear points.
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permitting the measurement noise in xi and yi to be
2
2
correlated. Note that ¾xx
and ¾yy
denote the variance
of ºx and ºy respectively and ¾xy represent the crosscovariance of ºx and ºy . The notation N (º : ¹, §) is a
Gaussian probability density function(pdf) for the random vector º with mean ¹ and covariance §. Identifying
the parameters of a line when provided with n measurements, the likelihood function for the measurements is
given by the equation:

p=

3 MAXIMUM LIKELIHOOD ESTIMATORS

(10)

Total Least Squares

Consider the problem of a straight line fit where the
true model is given by the equation:
yi = mxi + c

μ· ¸
x̃i

¶

j m, c, x1 , x2 , : : : , xn
ỹi
Ã·
#!
¸ · ¸ " 2
¾xx ¾xy
0
x̃i ¡ xi
,
=N
(11)
:
2
0
ỹi ¡ yi
¾xy ¾yy
Ã·
#!
¸ · ¸ " 2
¾xx ¾xy
x̃i ¡ xi
0
=N
:
,
(12)
2
0
ỹi ¡ mxi ¡ c
¾xy ¾yy
Ã· ¸ ·
#!
¸ " 2
¾xx ¾xy
x̃i
xi
=N
,
:
(13)
:
2
mxi + c
ỹi
¾xy ¾yy

pi = p

In this section we will derive the solutions for the
Total Least Squares (TLS) to estimate the parameters
of a straight line. In this formulation, the measurement
noise covariance matrix is allowed to be populated, i.e.,
the dependent and independent variables are noisy and
can be correlated. The Hough transform presented in
Section 2 will be utilized to identify groups of nearly
collinear points in an image. A best fit line can be
obtained using the TLS solution since there is noise
in both the x and y directions. The TLS solution,
which will be derived, does not have a closed form
solution and therefore requires an initial estimate to
initiate the solver which minimizes the normal distance
of the measurements from the line. This initial estimate
can be given by a transformed version of the Hough
coefficients (i.e., transform from ½ and μ to slope, m
and intercept b), however if μ is zero degrees then
we would obtain an infinite slope, which forces the
TLS solution to diverge. Therefore, rather than use
the Hough transform coefficients transformed to the
appropriate slope and intercept we will simply utilize a
Least Squares estimate as the initial guess for the TLS
algorithm.

The Log-Likelihood to be maximized with respect to
the free variables m, c and xi where i = 1, 2, : : : , n is
³ q
´
2 ¾2 ¡ ¾2
ln(p) = ¡n ln 2¼ ¾xx
yy
xy
¡

1
2 ¾2 ¡ ¾2 )
2(¾xx
yy
xy

n
X
2
(¾yy
(x̃i ¡ xi )2
i=1

¡ 2¾xy (x̃i ¡ xi )(ỹi ¡ mxi ¡ c)
2
+ ¾xx
(ỹi ¡ mxi ¡ c)2 ):

(14)

There are n + 2 variables: m, c, and all the n abscissas
xi . Differentiate the log-likelihood with respect to the
variables and solve the n + 2 equations:

(6)

where yi and xi are the true dependent and independent coordinates. m and c correspond to the slope and
ordinate intercept of the line. Assuming that the measurement of both yi and xi are noisy, the measurement
equations and the corresponding pdf of the noise are
given by the equations:
x̃i = xi + ºx
ỹi = yi + ºy
Ã· ¸ · ¸ " 2
¾xx
º1
0
,
p(º1 , º2 ) = N
:
0
º2
¾xy

pi

i=1

Fig. 4. Hough transform.

3.1

n
Y

(7)
(8)
¾xy
2
¾yy

#!

(9)

@ ln(p)
1
=¡
2 ¾2 ¡ ¾2 )
@m
2(¾xx
yy
xy
£

n
X
i=1

2
(2¾xy (x̃i ¡ xi )xi ¡ 2¾xx
(ỹi ¡ mxi ¡ c)xi ) = 0

(15)
@ ln(p)
1
=¡
2 ¾2 ¡ ¾2 )
@c
2(¾xx
yy
xy
£

n
X
i=1

2
(2¾xy (x̃i ¡ xi ) ¡ 2¾xx
(ỹi ¡ mxi ¡ c)) = 0
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@ ln(p)
1
=¡
2 ¾2 ¡ ¾2 )
@xi
2(¾xx
yy
xy
2
(x̃i ¡ xi ) + 2¾xy (ỹi ¡ mxi ¡ c)
£ (¡2¾yy
2
(ỹi ¡ mxi ¡ c)m) = 0:
+ 2¾xy (x̃i ¡ xi )m ¡ 2¾xx

(17)
Solving for the xi from equation (17) leads to the
equation:
2
2
2
c(¡m¾xx
+ ¾xy ) ¡ m¾xy x̃i + ¾yy
x̃i + m¾xx
ỹi ¡ ¾xy ỹi
:
2
2
2
¾yy + ¾xx m ¡ 2¾xy m
(18)
Substituting the expression for xi back into the log likelihood function ln(p) of equation (14) and on simplification, the final cost function in terms of m and c is:
³ q
´
2 ¾2 ¡ ¾2
ln(p) = ¡n ln 2¼ ¾xx
yy
xy

xi =

n

1X
(ỹi ¡ mx̃i ¡ c)2
¡
2 + ¾ 2 m2 ¡ 2¾ m
2
¾yy
xx
xy

whose mean and variance of random variable º 0 conditioned on m are given by the equations:
3
2
º
¡
mº
y
x
5
E[º 0 ] = E 4 q
2
2
2
¾yy + ¾xx m ¡ 2m¾xy
E[ºy ] ¡ mE[ºx ]
=0
=q
2 + ¾ 2 m2 ¡ 2m¾
¾yy
xx
xy
"
#
(ºy ¡ mºx )2
02
E[º ] = E 2
2 m2 ¡ 2m¾
¾yy + ¾xx
xy
=

p(º 0 j m) = N (º 0 : 0, 1):

(19)

m,c

i=1

(ỹi ¡ mx̃i ¡ c)2
:
2
2 m2 ¡ 2¾ m
¾yy + ¾xx
xy

Hence, for a set of measurements (x̃i , ỹi ), the Maximum
Likelihood Estimator (MLE) requires maximizing the
function given by Equation (10), which can be rewritten as:
0
1
ỹ
¡
m
x̃
¡
c
i
i
: 0, 1A :
(29)
pi = N @ q
2 + ¾ 2 m2 ¡ 2m¾
¾yy
xx
xy
The negative of the Log-Likelihood to be minimized
with respect to the free variables m and c is

i=1

J = ¡ ln(p) =

is the resulting cost function to be minimized.
Alternate Equivalent Formulation

The algebraic manipulation involved in arriving at
the cost function of (20) can be avoided altogether.
Consider the truth model where we represent the truth
(xi , yi ) in terms of the noisy measurement (x̃i , ỹi ) as:
yi = mxi + c

(21)

xi = x̃i ¡ ºx

(22)

yi = ỹi ¡ ºy :

(23)

Substituting (22) and (23) into (21) results in the equation:
ỹi ¡ mx̃i ¡ c = ºy ¡ mºx :
(24)
Define º 0 as:
ºy ¡ mºx
º0 = q
2 + ¾ 2 m2 ¡ 2m¾
¾yy
xx
xy
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(28)

ỹi ¡ mx̃i ¡ c
º0 = q
:
2
2 m2 ¡ 2m¾
¾yy + ¾xx
xy

(20)

Additionally, the noise covariance parameters can be
specific to each measurement, i.e., ¾xx , ¾yy , and ¾xy can
(i) (i)
(i)
be ¾xx
, ¾yy and ¾xy
respectively corresponding to the
measurement (x̃i , ỹi ). It can be observed that, when the
noise in the variables is uncorrelated (¾xy = 0) and of
equal variance(¾xx = ¾yy = ¾), the standard Total least
square problem is recovered, which can be identified
as the perpendicular distance of (x̃i , ỹi ) to the line y =
mx + c, and
n
X
(ỹi ¡ mx̃i ¡ c)2
min
m,c
1 + m2

3.2

(27)

But from equations (24) and (25), one has

or the problem can be stated as
n
X

E[ºy2 ] + m2 E[ºx2 ] ¡ 2mE[ºx ºy ]
= 1:
2 + ¾ 2 m2 ¡ 2m¾
¾yy
xx
xy

The random variable º 0 has a Gaussian distribution
given by the equation:

i=1

min

(26)

(25)

n
X
i=1

(ỹi ¡ mx̃i ¡ c)2
:
2 + ¾ 2 m2 ¡ 2m¾
¾yy
xy
xx

(30)

Notice that there are no xi variables in the cost function. Differentiating the cost function J only with the
variables m and c, we arrive at the gradient constraint
equations:
Ã
n
X
2(ỹi ¡ mx̃i ¡ c)(¡x̃i )
@J
=
2 + ¾ 2 m2 ¡ 2m¾
@m
¾yy
xx
xy
i=1
!
2
(ỹi ¡ mx̃i ¡ c)2 (2¾xx
m ¡ 2¾xy )
¡
=0
2 + ¾ 2 m2 ¡ 2m¾ )2
(¾yy
xx
xy
(31)
n
X
@J
(¡2(ỹi ¡ mx̃i ¡ c)) = 0
(32)
=
@c
i=1

which is nonlinear in m and c and can be solved numerically. One can use the solution of the least squares
problem to initialize the nonlinear solver. One can also
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estimate the most likely value of the variable xi using
the equation:
2
2
2
+ ¾xy ) ¡ m¾xy x̃i + ¾yy
c(¡m¾xx
x̃i + m¾xx
ỹi ¡ ¾xy ỹi
2
2
2
¾yy + ¾xx m ¡ 2¾xy m
(33)
from the resulting solution for the slope m and intercept c.

xi =

3.3

Geometric Interpretation

Consider the case of estimating the parameters of
a straight line where the x̃i and ỹi measurements are
contaminated by isotropic noise. Figure 5 illustrates the
true xi and yi and the corresponding contaminated x̃i
and ỹi data. Assuming the parameters ¾xx = ¾yy = 1 and
¾xy =0, the MLE cost function given by Equation (30)
reduces to:
n
X
(ỹi ¡ mx̃i ¡ c)2
(34)
J=
1 + m2
i=1

which is referred to as geometric distance which is a
gradient weighted algebraic distance. This error referred
to as the Sampson error is the first order approximation
of the geometric distance of the point from the curve.
In Figure 5, one can easily illustrate the line connecting the points (x̃i , ỹi ) along the normal to the true line
has a length given by equation (ỹi ¡ mx̃i ¡ c)2 =(1 + m2 ),
illustrating that the total least squares cost function corresponds to minimizing the geometric distance. Note
that the least squares problem minimizes the distance
(ỹi ¡ mx̃i ¡ c)2 which is referred to as the algebraic distance and corresponds to the distance along an oblique
projection.
3.4

line we have a total of 2+n unknown parameters, the
slope m, the intercept c, and the true values of x : xt .
After solving for the optimal estimates for the slope
m̂ and y-intercept ĉ, the optimal estimate for x̂i is given
by Equation (33). Assuming the parameters ¾xx = ¾yy =
1 and ¾xy =0, Equation (33) reduces to:
x̂i =

J = ¡ ln(p) =

n
X
(ỹi ¡ mxi ¡ c)2
2
¾yy

(35)

i=1

which has a closed form solution for m and c:
½ ¾ ½ Pn 2 Pn
¾¡1 ½ Pn
¾
m
i=1 xi
i=1 xi
i=1 xi ỹi
= Pn
:
Pn
c
n
i=1 xi
i=1 ỹi

(36)

Uncertainty Analysis

In this section, we will present the derivation for the
Cramér Rao lower bounds which provides a measure
of uncertainty in the coefficients of the linear fit. The
derivation is based on a fully populated covariance
matrix and the bounds are estimated by the inverse
of the Fisher Information matrix. The derivations are
accompanied by a Monte Carlo simulation to verify the
convergence properties of the solutions. For the straight

¡ĉm̂ + x̃i + m̂ỹi
1 + m̂2

¡ĉm̂ + x̃i + x̃i m̂2 ¡ x̃i m̂2 + m̂ỹi
1 + m̂2
m̂ei
) x̂i = x̃i +
1 + m̂2
) x̂i =

Least Squares

The least squares problem is a special case of the
total least squares where the independent variable xi is
not random, i.e., ¾xx = 0. This results in the cost function
given by Equation (30) reducing to:

3.5

Fig. 5. Total least squares minimization.

(37)
(38)
(39)

where
ei = ỹi ¡ m̂x̃i ¡ ĉ

(40)

is the error associated with the measurement ỹi and the
estimate ŷi at the measured x coordinate x̃i . Figure 6
illustrates the optimal estimates (x̂i , ŷi ), which results in
the equation:
ŷi =ỹi ¡ ei ¡ m̂(x̃i ¡ x̂i )
ei
:
ŷi =ỹi ¡
1 + m̂2

(41)
(42)

It can be shown that the generalized solutions for
the estimated values for xti and yti are:
x̂i2 = x̃i +

(m̂¾x2i xi ¡ ¾xi yi )ei
m̂2 ¾x2i xi ¡ 2m̂¾xi yi + ¾y2i yi

(43)

ŷi2 = ỹi +

(m̂¾xi yi ¡ ¾y2i yi )ei
m̂2 ¾x2i xi ¡ 2m̂¾xi yi + ¾y2i yi

(44)

based on Equation (33).
Recall that ei is the error in the measurement with
the appropriate estimates ei = ¡m̂x̃i ¡ ĉ + ỹi . Note that in
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are defined in Equations (49) and (50), respectively:
®i = ¡

1
2(¾x̃2i x̃i ¾ỹ2i ỹi

(49)

¡ ¾x̃2i ỹi )

Ki = ¾x̃2i x̃i (ỹi ¡ m̂x̂i ¡ ĉ)2 ¡ 2¾x̃i ỹi (ỹi ¡ m̂x̂i ¡ ĉ)(x̃i ¡ x̂i )
+ ¾ỹ2i ỹi (x̃i ¡ x̂i )2 :

(50)

With ®i and Ki defined for each measurement we can
then rewrite the likelihood function in a more contracted
form as:
p(x̃i , ỹi j m̂, ĉ, x̂i ) =
Fig. 6. Optimal estimates of coordinates.

Equations (43) and (44), the estimate for the slope and
intercept must be known in order to calculate x̂i2 and
ŷi2 . In our scenario these initial estimates are given by
the basic Least Squares solution rather than the solution
of the Hough transform. This is to preclude singular
estimates for the slope and intercept:
cos μ
m̂ = ¡
sin μ
½
ĉ =
sin μ

(45)
(46)

if the Hough transform returns a line estimate with μ
exactly zero. Note that the Hough transform is used to
identify the measurements which are associated with the
line which is being estimated.
With the initial estimates for the slope and intercept,
one can update the estimate of the true value x̂i using
Equation (43). In addition to the estimated true value
of x, the line’s coefficients are updated using the Total
Least Squares solution. The next step is to determine the
uncertainty in these estimates. The probability density
function for (xi , yi ), given the estimates [m̂, ĉ, x̂i ] is:
p(x̃i , ỹi j m̂, ĉ, x̂i )

"
¸¶
μ· ¸ ·
m̂x̂i + ĉ T
ỹi
1
1
= p
exp ¡
¡
2
2¼ jQi j
x̂i
x̃i
μ· ¸ ·
¸¶¸
ỹi
m̂x̂i + ĉ
¡
:
£Q¡1
i
x̂i
x̃i
(47)

The inverse of the covariance matrix Qi is easily defined
for a 2 £ 2 matrix:
" 2
#
¾
¡¾
1
x̃
ỹ
ỹ
ỹ
i
i
i i
Q¡1
:
(48)
i = 2
¾x̃i x̃i ¾ỹ2i ỹi ¡ ¾x̃2i ỹi ¡¾x̃ ỹ
¾2
i i

x̃i x̃i

We expand the exponential term in Equation (47) and
write it as a product of two variables ®i and Ki which
64

1
p
e®i Ki :
2¼ jQi j

(51)

For each measurement, there is a corresponding (xi , yi ),
independent of one another. Therefore if we assume
there are a total of M measurements, the probability
density function for the matrix of measurements, [x̃, ỹ],
given the parameter estimates, [m̂, ĉ, x̂], where x̂ is now
a vector of estimated x values, is given by the product
of each measurement’s probability density function:
p(x̃, ỹ j m̂, ĉ, x̂) =

M
Y
i=1

1
q
e®i Ki
2
2
2
2¼ (¾x̃i x̃i ¾ỹi ỹi ¡ ¾x̃i ỹi )

(52)

The Fisher Information matrix is defined as the negative expected value of the Hessian of the log-likelihood
function with respect to the estimated parameters. We
define the log-likelihood function as, f = ln[p(x̃, ỹ j
m̂, ĉ, x̂)], therefore the Fisher Information matrix is defined as:
¶T 3
μ
2
@f
@f
@f
6 @ m̂@ m̂ @ m̂@ ĉ
@ m̂@ x̂ 7
6
7
6
¶T 7
μ
6 @f
7
@f
@f
(53)
F = ¡E 6
7
6 @ ĉ@ m̂
7
@ ĉ@ ĉ
@ ĉ@ x̂
6
7
4
5
@f
@f
@f
@ x̂@ m̂ @ x̂@ ĉ
@ x̂@ x̂
where
·
¸T
@f
@f
@f
@f
@f
=
=
,
,:::,
@ m̂@ x̂1 @ m̂@ x̂2
@ m̂@ x̂M
@ m̂@ x̂ @ x̂@ m̂
and similarly @f=@ ĉ@ x̂ = @f=@ x̂@ ĉ. The sub-block
@f=@ x̂@ x̂ of the Fisher Information matrix is a M £ M
diagonal matrix with diagonal elements:
μ·
¸¶
@f
@f
@f
@f
= Diag
:
,
,:::,
@ x̂1 @ x̂1 @ x̂2 @ x̂2
@ x̂M @ x̂M
@ x̂@ x̂
First the partial derivatives of f are taken with respect to the estimated parameters. Recall that the probability density function is a product of the individual
measurement’s and with the properties that the log of
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the product becomes a summation over the M measurements. Thus the partial derivatives are:
M

@f X
®i [¡2¾x̃i ỹi (¡x̃i x̂i + x̂i2 )
=
@ m̂
i=1
+ ¾x̃2i x̃i (¡2ỹi x̂i+ 2m̂x̂i2 + 2x̂i ĉ)]

(54)

M

@f X
®i [¡2¾x̃i ỹi (¡x̃i + x̂i )
=
@ ĉ
i=1
+ ¾x̃2i x̃i (¡2ỹi + 2m̂x̂i + 2ĉ)]

(55)

@f
= ®i [¾ỹ2i ỹi (¡2x̃i + 2x̂i )
@ x̂ti
¡ 2¾x̃i ỹi (¡ỹi ¡ x̃i m̂ + 2m̂x̂i + ĉ)
+ ¾x̃2i x̃i (¡2ỹi m̂ + 2m̂2 x̂i + 2m̂ĉ)]:

(56)
Fig. 7. Truth, measurements, TLS line fit.

Then the second derivatives, which compose the Fisher
Information matrix, can easily be determined using the
equations:
·

¸ X
M
@2f
E
®i (2¾x2i xi x̂i2 )
=
@ m̂@ m̂

(57)

i=1

·

¸ X
M
@2f
E
®i (2¾x2i xi x̂i )
(58)
=
@ m̂@ ĉ
i=1
· 2 ¸
h
@ f
= E ®i (¡2¾xi yi (¡xi + 2x̂i )
E
@ m̂@ x̂ti
i
+¾x2i xi (¡2yi + 4m̂x̂i + 2ĉ))
= ®i (¡2¾xi yi x̂i + 2¾x2i xi m̂x̂i )
·

¸ X
M
@2f
E
2®i ¾xi xi
=
@ ĉ@ ĉ
i=1
· 2 ¸
@ f
E
= ®i (¡2¾xi yi + 2¾x2i xi m̂),
@ x̂ti @ ĉ
i = 1, 2, : : : , M
· 2 ¸
@ f
E
= ®i (2¾y2i yi ¡ 4¾xi yi m̂ + 2¾x2i xi m̂2 ),
@ x̂ti @ x̂ti
i = 1, 2, : : : , M
"
#
"
#
@2f
@2f
E
=E
= 0, i 6= j:
@ x̂ti @ x̂tj
@ x̂tj @ x̂ti

(59)
(60)

(61)

(62)
(63)

These equations then give us an estimate of the uncertainty in the estimated parameters. The next step is to
perform a Monte Carlo simulation to show the convergence characteristics of this estimate. We begin the simulation by choosing a slope, intercept, and range of x
values. These will be the true simulation parameters and
are specified as:
m = ¡0:4326 c = ¡1:6656 x = ¡3 : 0:1 : 3:

(64)

Furthermore the covariance matrix, Q for all measurements is equal and given to be:
" 2
# ·
¸
¾yy ¾xy
0:5 0:0
:
(65)
Q=
=
2
0:0 0:5
¾yx ¾xx
Since this simulation is to determine the convergence
characteristics and not the capabilities of the Hough
transform, we will use the Least Squares solution from
2
Equation (36) where the covariance matrix R is ¾yy
IM£M
and M is the number of measurements, which in this
simulation is 61. Since the x truth was already established the y truth can be calculated using the given
values for the true slope and intercept. Gaussian white
noise is then added to the truth, which was specified in
Q and finally the estimated values of x and y can be
obtained via Equations (43) and (44) respectively.
A single simulation’s results are shown in Figure 7.
Here the truth is shown by the solid blue line, the
measurements (truth with added noise) are black dots,
and the Total Least Squares line fit is represented by
the dashed red line. The estimated values of the slope
and intercept from the Total Least Squares algorithm,
for this single simulation run are:
m̂ = ¡0:3775 ĉ = ¡1:5871:

(66)

We perform 10,000 simulations to determine the convergence characteristics of the Fisher Information matrix.
The measure used for convergence is the determinant of
the difference of the Monte Carlo covariance and the inverse of the Fisher Information matrix. The Monte Carlo
covariance is calculated as a difference of the truth and
the averaged estimates. We will denote this covariance
as MCcov and is calculated as:
· ¸¶ μ· ¸ · ¸¶T
N μ· ¸
m̂i
m
m̂i
1X m
¡
¡
MCcov =
N
c
c
ĉi
ĉi
i=1
(67)
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Fig. 10. One sigma slopes/intercepts.

Fig. 8. Monte Carlo simulation.

given as:

Fig. 9. Sigma ellipses.

where N is the number of Monte Carlo runs and the estimated values mi , ci , are used to estimate the covariance.
Then the convergence measure is given by the equation:
convergence = jMCcov ¡ F ¡1 j:

(68)

The Fisher Information matrix is also averaged over
each simulation. Figure 8 shows the value of this convergence measure after each simulation.
Figure 8 shows only a portion of the total number of
simulations and in addition the value of the convergence
parameter has been normalized. The estimated bounds
on the parameters, the inverse of the negative of the
Fisher Information matrix after 10,000 simulations is
given to be:
·
¸
0:14577 0:00065
¡1
¡4
:
F = 1e
0:00065 0:59065
Next we examine the estimates and their statistical
properties. Each of the estimated values of m and c are
plotted in Figure 9 along with the sigma ellipses.
Finally we select all combinations of m̂ and ĉ which
fall within one sigma of the average values of the
respective estimates and plot them, where the range is
66

m̂ = ¡0:4326 § 0:00382

(69)

ĉ = ¡1:6648 § 0:0077:

(70)

The lines defined by all such coefficients are plotted,
in blue, along with the true fit of the line, in red,
in Figure 10 and we can see the uncertainty in the
estimates. As we diverge from the relative midpoint
of the data range the uncertainty grows. This is to be
expected since the variance in the y direction depends
on the variance of the slope, intercept, and estimated
x value. To prove that the variance in the y direction
is dependent on the variance of the slope, intercept,
and estimated x value we can transform the Fisher
Information matrix from the model parameters into a
variance in terms of x and y. This can be done using
the Jacobian transformation. In this transformation the
Fisher Information matrix is left and right multiplied by
the Jacobian of the measurement functions with respect
to the estimated parameters. The Jacobian takes the
form of:
2 dy dy dy 3
¸
·
x̂i 1 m̂
6 dm̂ dĉ dx̂i2 7
A=4
:
(71)
5=
0 0 1
dx dx dx
dm̂ dĉ dx̂
Therefore we perform the matrix multiplication to understand the growing variance in the y direction:
" 2
#
¾yyi ¾xyi
2
¾xx
i

¾xyi

= Ai F ¡1 ATi
=

·

x̂i
0

2 2
¸ ¾mm
1 m̂ 6
4 ¾cm
0 1
¾xt m
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¾mc
2
¾cc

¾xt c

¾mxt

32

x̂i

76
¾cxt 5 4 1

¾x2t xt

m̂

0

3

7
05:
0

(72)
VOL. 10, NO. 1

JUNE 2015

ellipse identification only requires the user to define
the number of line segments that are associated with
the ellipse and then select each of these segments. This
allows for a fast and simple identification of an ellipse.
The data which has been supplied consists of simulated GMTI tracks generated by the Air Force Research
Labs in Rome, NY. Each track varies in the number of
measurements it contains, however, the structure of each
track is consistent. The data structure is broken down as
follows:

Fig. 11. Data set #2 original measurements and extracted road
network.

This results in the covariances taking the form of Equations (73) through (76)
2
2
2
¾yy
= x̂i2 ¾mm
+ 2x̂i ¾mc + 2m̂x̂i ¾mx + ¾cc
+ 2m̂¾xc
i
2
+ m̂2 ¾xx

(73)

2
¾xyi = x̂i ¾mx + ¾cx + m̂¾xx

(74)

¾yxi = ¾xyi

(75)

2
2
¾xx
= ¾xx
:
i

(76)

From the above equations we can see that the variance
in the y direction depends on the varying value of x̂i , so
therefore as we diverge from x̂i = 0 in either direction
the variance in y grows.
4 RESULTS
A Graphical User Interface (GUI) was developed,
which allows the user to easily manipulate the processed
data. The automated phase of this process consists of
the Hough transform and the extraction of the linear
features. Several additional operations are allowed by
manual interaction, which include merging, trimming,
extending, blending, removal, and ellipse identification.
The merging option allows the user to select two lines
which identify the same road segment. This is possible
due to the threshold placed on the distance from a
point to the line segment. The trimming and extending
features allow a user to smooth out the road network
and connect each and every segment with another. A
3rd order polynomial is used as the blending function
between two lines which are selected by the user. This
updates the road network with curves which are defined
by the last xx% of each of the two line segments
selected (percentage decided by the user). The final
feature, the ellipse identification, is left up to the user
due to the computational complexity correlated with
automatic identification of an ellipse in an image. The

² tracks–main field of the structure.
–tracks(#).loc–N £ 2 matrix of latitude and longitude coordinates.
–tracks(#).cov–4 £ 4 £ N covariance matrices corresponding to each measurement of the form.
2 ¾2
¾
¾
¾ 3
xi xi

6¾
6 yi xi
6
6¾
4 x_ i xi
¾y_ i xi

xi yi

xi x_ i

¾y2i yi

¾yi x_ i

¾x_ i yi

¾x2_i x_ i

¾y_ i yi

¾y_ i x_ i

xi y_ i

¾yi y_ i 7
7
7
¾x_ i y_ i 7
5
¾y2_i y_ i

–tracks(#).vel–N £ 2 matrix of component velocities at the same time the measurement is taken.
–tracks(#).update–unix time representation of measurement time (seconds since January 1, 1970).
The data set that was used to test the proposed
algorithm includes 1,675 tracks, where every track had
differing numbers of kinematic data.
The data set was completely processed without manual intervention (i.e., merging or ellipse finding). This
data set contained several areas of interest which may
create issues which include sectors with no track data.
Primarily we expect there to be a significant increase in
the number of extracted segments.
The line extraction portion of the algorithm took approximately 25 minutes to complete. The extracted line
segment data structure was stored before any additional
functions were implemented. Prior to any removal or
merging of line segments, the data structure contains
150 individual line segments. The merging, blending,
and trimming/extending was complete in approximately
3 hours. This data set consisted of 1,675 tracks with a
total of 88,685 measurements.
The extracted network was converted back to the
latitude longitude coordinate system and the results of
the extracted network plotted on top of the original measurements is shown in Figure 11. Although it appears
that there is a low association due to the lack of identified segments in certain regions, there are actually very
few data points in these areas, 99.8% of the data has
been associated with geometric features in the image
(88,508/88,685). The final data structure consists of 0
ellipses, 72 third order polynomials, and 131 line segments. We note that some areas are lacking extracted
features which is due to either the lack of data or the
user removed a feature due to inaccuracy.
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Fig. 12. Data set #2 line CRLB.

Fig. 13. Data set #2 error ellipses one sigma.

First we present the results for the estimated CRLB
matrix corresponding to the line estimate’s parameters.
Figure 12 shows the three sigma bounded region for
the lines, which again due to the number of measurements associated with each of the lines, converges to
small values for most lines. For a few straight line segments which have very few associated measurements,
the bounds are very lax.
We supplement Figure 12 with an example of a
line’s CRLB estimate. Equation (77) refers to a line
which has 1,034 measurements associated with it:
2 2
3
¾mm ¾mc ¾mx
6
7
2
¾cx 5
4 ¾cm ¾cc
2
¾xm ¾xc ¾xx
2
2:2541e ¡ 05
6
= 4 3:5129e ¡ 09

3:5129e ¡ 09

¡1:7855e ¡ 09

3:6176e ¡ 10

¡1:7855e ¡ 09 ¡1:2573e ¡ 10

3

7
¡1:2573e ¡ 10 5
1:4242e ¡ 10

(77)
which illustrates a high degree of confidence in the
estimated model parameters. We must then use the
Jacobian transformation to obtain the covariance in
terms of x and y. A single measurement’s covariance
matrix is given by the equation:
" 2
#
¸
·
¾xx ¾xy
0:3850 ¡0:4209
:
= 1:0e ¡ 06 £
2
¡0:4209 0:8059
¾yx ¾yy
(78)
The Jacobian transformed CRLB is then added to
the measurement covariance defined in Equation (78)
to produce the final covariance in the measurement in2

2

¾AB

¾AC

¾AD

6¾
6 BA
6
4 ¾CA

2
¾BB

¾BC

¾CB

2
¾CC

¾DB

¾DC

6
¾BD 7
7 6 2:9909e ¡ 10
7=6
¾CD 5 4 ¡2:0009e ¡ 08

¾DA
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3

2
¾AA

2
¾DD

3:9162e ¡ 12

¡1:5304e ¡ 06

Fig. 14. Data set #2 mean line uncertainty.

cluding the covariance in the estimate given by Equation (79):
" 2
#
¸
·
¾xx ¾xy
0:3852 ¡0:4209
:
= 1:0e ¡ 06 £
2
¡0:4209 0:8089
¾yx ¾yy
(79)
Figure 13 shows a few measurement’s one sigma ellipses with the line estimate.
Using the error ellipses we once again compute the
mean covariance in x and y. This covariance is then
used to represent a mean error in the line using one
sigma we can see from Figure 14 that this encompasses
the majority of the data associated with each of the line
estimates.
There are no ellipses identified in this data set but
there are a significant number of polynomial blends. A
polynomial blend in this data set typical contains from
400 to 1,000 measurements. We present the results for a
polynomial, which contains 1,032 associated measurements in Equation (80):

2:9909e ¡ 10

2:2842e ¡ 08

¡1:5281e ¡ 06
¡0:0001

¡2:0009e ¡ 08 ¡1:5304e ¡ 06
¡1:5281e ¡ 06

¡0:0001

0:0078

0:5980

0:0001
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5 CONCLUSION
This paper presents a systematic approach for the
estimation of the road network from ground moving
target data assuming the vehicles to be road based vehicles. The position locations of the multiple ground
vehicles are used to generate a binary images, which
permits using the Hough transform to identify straight
line segments. Having identified the Hough parameters
associated with various straight line segments, the position data associated with each of these straight line
segments is identified and used by a least squares algorithm to identify the parameters of a straight line, i.e.,
slope and intercept. Since the two dimensional position
data is contaminated with noise in both the dimensions,
the total least squares is deemed the appropriate approach for the estimation of the slope and intercept of
the straight line segments. A detailed exposition of the
total least squares approach for the estimation of the
model parameters is followed by the determination of
the Cramér-Rao bounds on the estimated parameters. A
multi road network with numerous intersections is used
as a test case to illustrate the potential of the proposed
approach to estimate the road network and characterize the associated uncertainty. Currently the proposed
approach is being extended to estimating curved section of roads which are assumed to be representable by
arcs of ellipses. This will permit a parsimonious representation of the road-network by eliminating numerous
straight line segments which are necessary to represent
curved sections of roads. A graphical user interface was
also developed to permit a seamless estimation of roadnetwork from ground vehicle kinematic data.
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I. INTRODUCTION

Efficient GPU-Accelerated
Implementation of Particle and
Particle Flow Filters for Target
Tracking

VESSELIN P. JILKOV
JIANDE WU

Particle filtering is a very popular method for nonlinear/nonGaussian state estimation, however, implementation of particle filters (PFs) with a high state dimension in real-time is a very challenging practical task because the computation is prohibitive. Parallel
& distributed (P&D) computing is a natural way to deal with the
computational challenges of PF methods in order to make them
practical for large scale problems, such as multitarget multisensor
tracking. This paper presents results on development, implementation and performance evaluation of computationally efficient parallel algorithms for particle and particle flow filters (PFFs) utilizing
a Graphics Processing Unit (GPU) as a parallel computing environment. Proposed are state-of-the-art parallel PF and PFF implementations which are optimized for GPU architecture and capabilities. The proposed algorithms are applied and tested, via simulation, for tracking multiple targets using a pixelized sensor, and
for a high-dimensional nonlinear density estimation problem. It is
demonstrated by the obtained simulation results that the proposed
parallel GPU implementations can greatly accelerate the computation of both PFs and PFFs, and thereby bring them closer to
practical applications.
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For more than two decades now, particle filtering [1] has become the most popular approach for
nonlinear/non-Gaussian state estimation problems. Particle filters (PFs) have found numerous applications in
areas that involve nonlinear filtering of noisy signals
(data) [2], most notably in target tracking, e.g., [3].
However, while the literature reporting capabilities of
PFs to solve hard nonlinear estimation problems from
different application areas is abundant, most practical
implementations are limited to small-scale problems
with low dimensional state vectors, such as single target tracking. Implementation of high dimensional PFs
in real-time for large-scale problems is still quite challenging. Parallel & distributed (P&D) computing is a
natural way to overcome/mitigate this limitation. Development of P&D algorithms and architectures that
fully exploit the spatial and temporal concurrency of
the computations is a great potential to make PFs (and
density-based nonlinear filtering, in general) practical
for large scale problems, such as multitarget multisensor
tracking. Considerable research effort has been going on
along this direction, e.g., [4]—[15].
In recent years a new class of nonlinear filters
has been gaining momentum–the particle flow filters (PFFs), proposed by Daum & Huang [16]—[22],
which overcome the well known problem of particle
degeneracy of the PFs (and other, e.g., deterministic
sampling methods for density-based nonlinear filtering [23]) caused by the pointwise multiplication of the
Bayes rule. The method for samples’ update is deterministic and is conceptually based on a natural homotopy relating the prior and posterior filter densities
which induces a flow of the samples from the prior
density towards a set of samples from the posterior. A
flow of each particle from prior to posterior is governed
by a flow equation–an ordinary differential equation
(ODE)–which in general satisfies a linear partial DE
(PDE) with constant coefficients. This PDE is central
in this approach. While a numerical integration of the
PDE is prohibitive for real-time computation, the good
news is that for some special distributions, e.g. Gaussian and exponential families it is analytically tractable.
The explicit solution for (unnormalized) Gaussian prior
and likelihood, referred to as the exact PFF [19] is
straightforward to implement and fast for computation.
Plenty of simulation results have been reported by the
authors of the PF method, e.g., [18], [21], [22], showing that PFFs can outperform other nonlinear filters in
computation and accuracy for difficult nonlinear problems. Another nice property of the PFFs is that they are
essentially “embarassingly” parallel–(almost) all computations are independent and can be conducted in a
parallel/distrubuted manner as opposed to PFs where
resampling is a bottleneck. This makes PFFs even more
attractive and promising for P&D computing. It also
motivated us to pursue parallel implementations of PFF
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TABLE I
Generic SIS/R PF Algorithm [26]
² Importance Sampling (IS)
– For i = 1, : : : , N̄
i
Draw a sample (particle): x̄ki » ¼(xk j xk¡1
, zk )
Evaluate importance weights
i
p(zk j xki )p(xki j xk¡1
)
i
w̄ki = wk¡1
i
i
k
¼(xk j xk¡1 , z )
– For i = 1, : : : , N̄

Normalize importance weights: wki =

w̄ki

PN̄

j=1

² Resampling (R)

– Effective sample size estimation: N̂eff =

w̄kj

PN

1

j=1

– If N̂eff < Nth
j

j

Sample from fx̄k , wk gN
to obtain
j=1
a new sample set

(wkj )2

n

j

xki = x̄ki , wki =

1
N

oN

i=1

and make a quantitative performance evaluation and
comparison with parallel PF algorithms studied by us
before [11]—[13].
At present, there are many types of parallel hardware available such as multicore processors, fieldprogrammable gate arrays (FPGAs), computer clusters,
and graphics processing units (GPUs). A GPU is a single instruction multiple data (SIMD) parallel processor
intended originally to meet the demands of computationally intensive tasks for real-time high-resolution 3Dgraphics. Nowadays, GPUs are highly parallel multicore
systems that can process very efficiently large blocks of
data in parallel [24]. For highly parallelizable algorithms
GPUs are becoming more efficient than the sequential
central processing unit (CPU) [10]. On the other hand,
GPUs are easily accessible and inexpensive–most new
personal computers have GPU card. Hence, GPUs offer
an attractive opportunity for speeding up PFs and PFFs
for real-time applications.
In this paper we present results on development, implementation and performance evaluation of computationally efficient parallel algorithms for particle and particle flow filters by utilizing a Graphics Processing Unit
(GPU) as a parallel computing environment. Proposed
are state-of-the-art parallel PF and PFF implementations which are optimized for GPU architecture and
capabilities. The proposed algorithms are applied and
tested, via simulation, for tracking multiple targets using a pixelized sensor (up to 20 targets), and for a highdimensional nonlinear density estimation problem (up
to 40-dimensional state vector). Comprehensive simulation results are presented which illustrate that the proposed parallel GPU implementations can greatly accelerate the computation of both PF and PFF, and thereby
bring them closer to practical applications.
The paper is organized as follows. Sect. II provides
background information on basic particle & particle
flow filtering, and GPU concepts, needed for the rest
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of the paper. Sect. III proposes parallel PF and PFF algorithms, optimized for GPU implementation. Sect. IV
presents application of the parallel GPU PFs for tracking multiple ground targets with a pixelized sensor by a
Joint Multitarget Probability Density (JMPD) algorithm
and analyzes their performance based on the obtained
simulation results. Sect. V presents implementation and
performance evaluation/comparison of parallel PF vs.
PFF over a high dimensional density estimation problem. Sect. VI provides a summary and conclusions.
This paper is an outgrowth of our previous conference papers [13] and [14], wherein some preliminary
parts of this paper have been presented. However the
presentation for this journal paper has been unified, improved, and extended with significant new results, e.g.,
the enhanced parallel PF presented in Sect. III-B and its
performance evaluation in Sect IV-B.2.
II.

BACKGROUND

This section outlines very briefly the computational
procedures of the generic Particle Filter (PF) and the
Exact Particle Flow Filter (PFF), and provides some
basic GPU computing concepts, needed for the rest of
the paper. Parallelization of the filtering algorithms and
their GPU implementation are discussed in Section III.
A. Bayesian Recursive Filter
Let fxk gk=1,2,::: be a vector valued discrete-time
Markov process with state transition probability density
function (pdf) p(xk j xk¡1 ), and fzk gk=1,2,::: be another
process, stochastically related to fxk gk=1,2,::: through the
likelihood p(zk j xk ). xk and zk are the state and the
measurement, respectively, and p(xk j xk¡1 ) and p(zk j
xk ) are the state and measurement models. The exact
Bayesian recursive filter (BRF) provides the posterior
density p(xk j z k ) via the following prediction-update
scheme [25]:
p(xk¡1 j z k¡1 ) ! p(xk j z k¡1 ) ! p(xk j z k )

(1)

given p(x0 ) and measurements z k = fz1 , : : : , zk g.
B. Generic Particle Filter
In particle filtering the pdfs are represented approximately through a set of random samples (particles) and
the BRF (1) is performed directly on these samples.
Most PFs are based on two principal components: sequential importance sampling (SIS) and resampling (R)
as given in Table I [26].
The importance distribution ¼(¢) must contain the
support of the posterior and is subject to design. One
i
possibility is to choose ¼ = p(xk j xk¡1
) [1] which is
often referred to as the sampling importance resampling
(SIR) PF, or the bootstrap PF. Many other choices
are possible [2]. Resampling is in effect discarding of
samples that have small probability and concentrating
on samples that are more probable. The resampling
step is critical in every implementation of PF because
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TABLE II
Gaussian Exact Particle Flow Algorithm
² Particle Prediction
– For i = 1, : : : , N̄
i
Draw a predicted particle: x̄ki » p(xk j xk¡1
)
² Particle Update
– Compute predicted estimate x̄k , its error covariance P,
and linearized measurement model matrix H
– Compute parameters of flow velocity (exact computation):
A(¸) = ¡ 12 PH 0 (¸HPH 0 + R)¡1 H
b(¸) = (I + 2¸A)[(I + ¸A)PH 0 R ¡1 zk + Ax̄k ]
– For i = 1, : : : , N
Solve the particle flow ODE
dx
= f(x, ¸) = A(¸)x + b(¸)
d¸
for ¸ 2 [0 1] with initial condition x(0) = x̄ki ;
Let xki := x(1).

without it the variance of the particles weights quickly
increases leading to inference degradation.
C. Gaussian Exact Particle Flow Filter
In this paper we limit our consideration to the Gaussian Exact PFF [19]. We summarize one time-step,
k ¡ 1 ! k, of the algorithm in Table II.
First, note that the prior and posterior at each timestep k are also represented through samples: fx̄ki gN̄
i=1 and
,
respectively.
In
Table
II
we
give
the
prediction
fxki gN
i=1
step in terms of random sampling (as in the bootstrap
PF) which amounts to passing each particle from the
posterior through the stochastic state dynamic model.
However the prediction sampling need not be random
in general–the prior can be approximated by deterministic samples as well, e.g., based on optimal Dirac mixture approximations [27]. In our GPU implementation
we use random sampling but deterministic sampling for
prediction is of further interest for future implementation because generating random numbers by GPU is not
straightforward and may introduce some latency.
Second, the computation of the state prediction estimate x̄k , error covariance matrix P̄k , and linearized measurement model Hk is not explicitly given because it
can be done in different ways, e.g., x̄k and P̄k can be
computed as the sample mean an covariance of the particles and then Hk can be obtained via linearization of
the measurement model about x̄k , or the computation
can be done via EKF/UKF equations.
Third, the flow velocity parameters A(¸), b(¸) are
common for all particles and, therefore, their computation is given outside the for-loop for solving the ODE
in Table II. However, in a parallel computer implementation this is not necessarily the fastest arrangement–
Assuming each “processor” is dedicated to one particle
or a groups of particles (as in our GPU-implementation,
discussed in Sect. III), it could be better to compute
A(¸), b(¸) for each particle (as if within the particles’
for-loop) or group of particles in parallel, and thus

Fig. 1. Nvidia GPU Architecture [28]

eliminate the time for transferring data among “processors.”
D. GPU & CUDA Computing
A typical GPU is a collection of multiprocessors
(MPs) where each of them has several scalar processors
(SP), also referred to as cores [28]. At any given clock
cycle, each SP executes the same program (one or a
set of instructions) on different data by following the
single instruction/program multiple data (SIMD/SPMD)
models. Each SP has access to different memory levels.
Fig. 1 gives a simplified illustration of the architecture
of Nvidia GPU, where SM stands for shared memory,
and IU–for instruction unit. This type of architecture
is ideally suited to data-parallel computation since large
quantities of data can be loaded into shared memory for
the cores to process in parallel.
Compute Unified Device Architecture (CUDA) is a
parallel computing architecture developed by Nvidia as
a computing engine in GPUs. It allows access to the
virtual instruction set and memory of a GPU’s parallel
computational elements. By using CUDA the GPUs can
be used for computation like CPUs.
A detailed description of CUDA is given in [29]. The
MP model used in CUDA is called single-instruction
multiple-thread (SIMT). In SIMT, the MP maps each
thread to one SP core, and each thread executes independently with its own instruction address and register
state. The MP creates, manages, and executes concurrent threads in hardware with no scheduling overhead.
The threads are logically organized in blocks and grids.
A block is a set of threads, while a grid is a set of blocks.
The sizes of the blocks and grids can be programmatically controlled. To optimize an execution configuration
the first parameters to choose are the grid size (number
of blocks per grid) and block size (number of threads
per block). As a general guideline, provided by [29], the
primary concern is keeping the entire GPU busy–the
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number of blocks in a grid should be larger than the
number of multiprocessors so that all multiprocessors
have at least one block to execute, and there should be
multiple active blocks per multiprocessor so that blocks
which are not waiting for thread synchronization can
keep the hardware busy.
CUDA devices use several memory spaces, which
have different characteristics that reflect their distinct
usages in CUDA applications. These memory spaces
include global, local, shared, texture, constant, and registers. There is a 16 KB per thread limit on local memory, a total of 64 KB of constant memory, and a limit of
16 KB of shared memory, and either 8,192 or 16,384
32-bit registers per multiprocessor. Global, local, and
texture memory have the greatest access latency, followed by constant memory, registers, and shared memory. Memory optimizations are key for performance.
The best way to maximize bandwidth is to use as much
fast-access memory and as little slow-access memory as
possible.
III. PARALLEL PF AND PFF IMPLEMENTATION ON
GPU
The general idea of implementing both particle algorithms (PF and PFF) on GPU is to map (dedicate)
a thread to a particle and organize the algorithms in
terms of groups of particles, mapped correspondingly
to GPU blocks, in order to take advantage of the GPU
architecture. The key is to use the shared memory for
fast particle data communication within each block and
avoid/reduce communications between different blocks,
as much as possible. Optimizing any particular implementation is crucially dependent on the capabilities of
the available GPU hardware, as well as, on the filtering
problem dimension (size). For our application studies
this issue is discussed further in Sect. IV.
Other important issues arising in the GPU implementation for both filters are the cumulative summation
(needed for normalization and sample mean computation) and random number generation. The cumulative
sum can be implemented using a multipass scheme similar to that of [10]. This multipass scheme is a standard method for parallelizing seemingly sequential algorithms based on the scatter and gather principles. The
CURAND library [30] provides facilities to efficiently
generate high-quality pseudorandom and quasirandom
numbers. It is used to create several generators at the
same time. Each generator has a separate state and is
independent of all other generators.
A. Parallel PF
The computation for importance sampling is independent across particles and can be executed in parallel without any data communication among particlededicated processors (or threads). Parallelization of the
resampling part, however, is quite nontrivial because
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generating a single resampled particle requires information from all particles of the sample set. Thus, resampling becomes a bottleneck in parallel implementations. Several parallel/distributed resampling schemes
have been already proposed and studied in the literature,
e.g., [4], [7]. In this paper we implement distributed
resampling with nonproportional allocation (RNA) [7].
Briefly, the idea is as follows (more details, including
some high level pseudocode, can be found in [7] and
our previous papers [11]—[13]).
Distributed RNA is a modification of the distributed
resampling with proportional allocation (RPA) which is
essentially based on stratified sampling [2]. The sample space is partitioned into several strata (groups)
and each stratum corresponds to a processing node
(PN)–mapped to a GPU block of threads in our GPU
implementation. Proportional allocation among strata
is used, which means that more samples are drawn
from the strata with larger weights. After the weights
of the strata are known, the number of particles that
each stratum replicates is calculated at a head processing node (HN)–a dedicated block of threads in a
GPU implementation–using residual systematic resampling, and this process is referred to as inter-resampling
since it treats the PNs as single particles. Finally, resampling is performed inside the strata (at each PN,
in parallel) which is referred to as intra-resampling.
Therefore, the resampling algorithm is accelerated by
having an inner loop that can run in parallel on the
PNs (intra-resampling) with small centralized processing (inter-resampling) at HN. RPA requires a complicated scheme for particle routing. In the parallel RNA
particle routing is deterministic and planned in advance by the designer. The number of particles within a
group after resampling is fixed and equal to the number
of particles per group as opposed to the RPA where
this number is random (proportional to the weight of
the stratum). This introduces an extra approximation
in the resampling (in statistical sense) but allows to
execute resampling in parallel by each group (GPU
block).
In our implementation each group of particles, as
defined in RNA, is naturally mapped into a GPU block
as each particle of the group corresponds to a thread of
the block. Thus, in terms of the GPU architecture, the
importance sampling is thread-parallel while the intraresampling part is only block-parallel, and the interresampling and weight normalization are centralized
(Table III). The centralized parts can be computed at the
CPU or at some of the blocks of the GPU (designated
as a head-node). Both options are implemented in our
simulation study, presented in Sect. IV.
B. Enhanced Parallel PF
A significantly enhanced alternative to the presented,
RNA-based, PPF is proposed based on the following
two reasons. First, each thread can access all particles’
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Fig. 2. Parallel Cumulative Sum
TABLE III
Parallel PF Algorithm for GPU
² Importance Sampling (IS)
– For i = 1, : : : , N (Thread Parallel)
i
Sample: x̄ki » ¼(xk j xk¡1
, zk )
Evaluate importance weights w̄ki
– For i = 1, : : : , N (Centralized)

Fig. 3. Illustration of the Enhanced GPU PF
TABLE IV
Enhanced PPF Algorithm for GPU

Normalize importance weights: wki =

w̄ki

PN̄

j=1

² Resampling (R)

n

oN

1
N
– Inter Resampling (Centralized)
– Intra Resampling (Block Parallel)
j

j

)
fx̄k , wk gN
j=1

j

xki = x̄ki , wki =

² Importance Sampling (IS)
– For i = 1, : : : , N (Thread Parallel)
i
Sample: x̄ki » ¼(xk j xk¡1
, zk )
Evaluate importance weights w̄ki
² Unnormalized Cumulative Sum of Weights (UCSW)
– For j = 1, : : : , N (Block Parallel)
j
j
c̄k = w̄k1 + ¢ ¢ ¢ + w̄k
Execute UCSW for each block
Execute UCSW for all blocks
Get all UCSWs
² Resampling (R)
– For i = 1, : : : , N (Thread Parallel)
c̄i
Normalize UCSW: cki = PNk
j
c̄
j=1 k

j

w̄k

i=1

information concurrently through the shared and device memory and, thus, replicating particles could be
parallelized in all threads. Second, the cumulative sum
of weights, which is key for resampling, can be also
executed in parallel in contrast to the generic (RNAbased) PPF where it is done in a centralized manner.
When implementing a cumulative weight sum on a
single processor, the time complexity is O(n) addition
operations for an array of length n. This is the minimum
number of additions required. A parallel algorithm is
presented in [31]. Fig. 2 shows the operation. The time
complexity is O(log n) if enough processors are available. This is fine for small arrays. In our application,
particle filter algorithms use large number of particles,
so large arrays are used.
We modify the PPF by using a parallel cumulative
weighted sum algorithm. The enhanced PPF algorithm
is shown in Table IV.
Additional illustration of the operation of the EPPF
is given in Fig. 3. Note that Step 3 can be done thread
parallel because all threads can access all cumulative
sums concurrently.
After optimizing the particle filter algorithm, the
main bottleneck left is the global memory access. To
better cover the global memory access latency and
improve overall efficiency, we should let each thread do
more computation. So we could let each thread process
two or four particles instead of one particle. Each thread
performs a sequential access of four particles and stores

j

Sample from fxk gN
with fcj gN
to obtain
j=1
j=1
a new sample set

n

j

xki = xki , wki =

1
N

oN

i=1

them in registers. This method is more than twice as fast
as the code which only processes one particle at each
thread.
C.

Parallel PFF

GPU parallelization of PFF is much easier than that
of the PF. It is apparent from Table II that the prediction part and solving the ODE for each particle is independent across particles and can be executed completely in parallel by mapping a particle to a GPU
thread. For computing x̄k , Pk , Hk , and the flow velocity parameters A(¸), b(¸) there are different options because they are common for all particles. One way is to
have them computed by the CPU (“externally” to the
GPU) by a point estimator like EKF/UKF and sent to
each particle. Another way is to collect all predicted
particles in the CPU, compute sample mean x̄k , and
based on it, compute Pk , Hk , A(¸), b(¸) and send the
results to each particle. Involvement of the CPU imposes a communication time overhead (due to the need
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to access the slow memory), and does not take advantage of the GPU block architecture. That is why, as
in the GPU-PF, we divide all particles in groups and
map each group to a GPU block wherein each particle corresponds to a thread. A predicted estimate x̄k,b
is computed for each block b, as the sample mean of
its particles, and based on it, flow velocity parameters for this block are computed. Thus, even though
some extra approximation is incurred, any communication with the CPU and among different block is
avoided. An outline of the Parallel GPU PFF is shown in
Table V.
For computing a block x̄k,b we use the sample mean
of the particles within the block. Then Pk,b , Hk,b are
computed using the EKF equations, based on x̄k,b .
For numerical computation of the ith particle’s flow
ODE we use the finite difference forward Euler method
(as given in Table V), where L > 1 is an integer defining
the discretization step ¢¸ = 1=L of the interval [0 1].
In accordance with the limitation of shared memory
(our device is 48K bytes/block), the number of particles
we include in each block is given in Table VIII. We also
use the same block sizes for the GPU-PF implementation.
Note that, except for the small block sample mean
part (which is block parallel), this GPU-PFF implementation is thread parallel as opposed to the GPUPF implementation (Table III) wherein a significant part
(the resampling) is only partially (block) parallel. This
clearly gives an explanation to the fact that the implemented GPU-PFF is much faster than the GPU-PF for
the same number of particles, as seen in the simulation
results presented in Sect. V.
IV. SIMULATION STUDY I: GROUND MULTITARGET
TRACKING USING IMAGE SENSOR
The main purpose of this simulation is to evaluate
the computational feasibility and performance of the
GPU PPFs (given in Tables III & IV) for a realistic
target tracking scenario of high dimension. The parallel
algorithms developed and implemented are based on the
Joint Multitarget Probability Density (JMPD) algorithm
for multiple target tracking [32]—[37].

² Particle Prediction
– For i = 1, : : : , N (Thread Parallel)
i
Sample: x̄ki » p(xk j xk¡1
)
² Particle Update
– For b = 1, : : : , Nb (Block Parallel)
Compute x̄k,b , Pk,b , Hk,b , fk,b
– For i = 1, : : : , N (Thread Parallel)
Compute particle flow
x[0] = x̄ki
x[l+1] = x[l] + ¢¸fb (x[l] , l¢¸), l = 0, : : : , L ¡ 1
xki = x[L]

distribution of interest1 is
p(Xk , Tk j Z k ) = p(Xk j Tk , Z k )p(Tk j Z k )
where Z k = fZ1 , Z2 , : : : , Zk g is the cumulative measurement set of the surveillance region up to time k, and
Zl , l = 1, : : : , k is the measurement set at time l. The
model of target state and number evolution over time
is given by p(Xk , Tk j Xk¡1 , Tk¡1 ) and is referred to as the
kinematic prior. It includes models of target motion, target birth and death, and any additional prior information
on kinematics that may be available, e.g., terrain and
road maps. The measurement model over the surveillance region is given by the likelihood P(Zk j Xk , Tk ).
For the purpose of our implementation and performance study we adopt the kinematic prior and measurement models of [34].
2)

Multitarget Model:
Each target i = 1, : : : , T is assumed to follow a nearly
constant velocity motion model
i
xki = Fxk¡1
+ wki

(2)

0

where x = (x, x_ , y, y_ ) is the state vector, w » N (0, Q) is
white process noise with given covariance, and
¸¾
¸ ·
½·
1 ¢
1 ¢
,
F = diag
0 1
0 1
where ¢ is the sampling interval. To account for maneuvers a mode variable can be also added [36]. The
number of target in this paper is considered constant
and known. Unknown number of targets using the transitional model of [36] is of interest for future work.
3)

A. JMPD Tracking
1) Problem Formulation:
In the JMPD approach to multiple target tracking
the uncertainty about the number of targets present
in a surveillance region as well as their individual
states is represented by a single composite pdf. That
is, the state of all targets is described by a meta-target
state vector Xk = (xk1 , xk2 , : : : , xkT ) where xki is the state of
target i = 1, : : : , T. The number of targets at time k, Tk 2
[0, 1, 2, : : : , 1), is also assumed random. The posterior
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TABLE V
Gaussian Exact Parallel PFF Algorithm

Sensor Model:
It is assumed that a pixelized sensor provides raw
(unthresholded) measurements data from the surveillance region according to the following association-free
model [34] used often for track-before-detect (TBD)
problems. A sensor scan at time k consists of the
1 Note that in this formulation the so-called “mixed labeling” [38] is
not addressed. It is assumed that no track extraction is needed and,
consequently, the ordering of xi within X is irrelevant as far as only
the density is of interest. In [34] this assumption is referred to as a
symmetry under permutation.
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outputs of M pixels (cells of the region), i.e., Z =
fz[1], : : : , z[M]g2 where z[i] is the output of pixel i. The
likelihood P(Z j X, T) is given by
P(Z j X, T) /

Y pn[i] (X) (z[i])

i2iX

p0 (z[i])

(3)

where iX is the set of all pixels that couple to X, n[i] (X)
is the occupation number of pixel i (number of targets
from X that lie in i). The output z of each pixel is
assumed to follow the Rayleigh model
μ
¶
z
z2
pn (z) =
exp ¡
, n = 0, 1, 2, : : : (4)
1 + n¸
2(1 + n¸)
where ¸ denotes the signal-to-noise ratio (SNR).
4) Particle Filter:
With the definition of the transitional density
p(Xk , Tk j Xk¡1 , Tk¡1 ) and likelihood P(Zk j Xk , Tk ) the solution to the multitarget tracking problem formally boils
down to the BRF (1) and the standard SIS/R PF given
above can be applied. However, with large number
of target the computation requirements become prohibitive. The first step to improve the efficiency of the
multitarget PF is to choose an appropriate importance
(proposal) distribution for sampling that takes into account the specifics of the multitarget problem. Along
with the SIR algorithm’s Kinematic Prior (KP) proposal
i
i
¼ = p(Xk , Tk j Xk¡1
, Tk¡1
), where i¡ particle index, [34]
suggested three more sophisticated schemes for choosing the importance distribution for multitarget PF, referred to as Independent Partition (IP), Coupled Partition (CP), and Adaptive Partition (AP) [34]. The second
step is to parallelize as much as possible the resulting
multitarget algorithms. Next we propose parallel implementation of these schemes and incorporate them in the
parallel structures of the corresponding overall multitarget parallel algorithms.
5) JMPD Parallel PF:
In the JMPD SIR PF the proposal is just the kinematic prior and the IS step is completely decoupled with
respect to particles fX i g. Consequently, both versions
of the above generic parallel PF (Tables III & IV) work
without any modification. The significantly more efficient proposal schemes IP, CP, and AP of JMPD PF
have intrinsic coupling among particles introduced by
the dependence of the proposal on the current measurement data. By more careful inspection, however, IP and
CP can be parallelized as given next.
i
Each particle i for Ti targets is X i = (xi,1 , xi,2 , : : : , xi,Tk )
and xi,j is referred to as a partition j of particle i.
The IS step of the JMPD with IP can be done as
follows:
A) For each partition j = 1, : : : , Tki (in parallel)
ij
ij
xkij , wkij = IP[fxk¡1
, wk¡1
gN
i=1 , Zk ]
2 Time

index k is omitted here to lighten notation.

Fig. 4. Scenario with 20 Targets

B) For each particle 1 = 1, : : : , N
i
Importance weights w̄ki = wk¡1

p(Zk j Xki )
T w ij
¦μ=1
k

where IP denotes the IP subroutine of [34] which practically implements the SIR algorithm for each partition.
The IS step of the JMPD with CP can be done similarly, except for IP being replaced by a subroutine CP
which practically implements the known auxiliary SIR
particle filter [2] for each partition but only outputs one
resampled partition.
The local importance weights wki,j are data dependent and their inclusion in the calculation of importance
weights w̄ki amounts to improving the proposal ¼, i.e.,
bias the proposal towards the optimal importance density ¼(¢, Zk ).
Part A) is integrated easily with the RNA resampling
scheme used in the PPF (Table III). Part B) can also be
computed at the head-node (at the CPU or at the GPU)
at the expense of an extra communication between headnode and all threads, or it can be computed locally
at each thread but this incurs extra pairwise (threadto-thread) communication between all threads through
the device memory. The latter option is parallel but not
necessarily faster due to the communication overhead.
In our GPU implementation we use the former option–
compute B) at the head-node (implemented alternatively
at the GPU or at the GPU).
B. Simulation Experiments & Results
Two simulation experiments were performed using
two different hardware computing platforms and parallel algorithms tailored to each one of them, respectively.
Scenarios: For both experiments, the same tracking
scenarios were simulated. The parameters of these scenarios are as follows. The targets move in a 5000 m £
5000 m surveillance area. They have a nearly constant

EFFICIENT GPU-ACCELERATED IMPLEMENTATION OF PARTICLE

79

TABLE VI
Hardware Configuration 1

CPU

Model:
Clock Rate:
Memory:
Operating System:

Intel Core(TM)2 Duo
1.40 GHz
2.0 G
Windows 7

GPU

Model:
CUDA Driver:
Clock Rate:
Cores:
Global Memory:
Constant Memory:
Shared Memory:

NVIDIA GeForce 8400M GS
3.20
0.80 GHz
2 (MP) x 8 (Cores/MP) = 16 (Cores)
115M bytes
64K bytes
16K bytes/block
Fig. 5. Relative Times Spent in the Different Steps Using GPU-DR

velocity motion, according to the state model (2) with
Q = diagf20, 0:2, 20, 0:2g. The initial position and velocity of each target, for each Cartesian coordinate x
and y are generated randomly from the uniform distributions U(0, 5000) and U(¡10, 10), respectively. The
sensor scans a fixed rectangular region of 50 £ 50 pixels, where each pixel represents a 100 m £ 100 m area
on the ground plane. The sensor returns Rayleighdistributed measurements in each pixel, depending on
the number of targets that occupy the pixel according
to the measurement model (3). The sensor sampling interval ¢ = 1s and SNR ¸ = 15. Scenarios with different
number of targets T were simulated. Fig. 4 shows a
realization of a scenario with T = 20.
1) Experiment 1:
a) Algorithms: Three PFs (CPU-CR, GPU-CR, and
GPU-DR)3 were implemented with different number of
particles for each scenario, as follows (see also Sect.
III-A).
² CPU-CR: CPU performs prediction (draw predicted
samples and calculate importance weights) and resampling (using the residual systematic resampling
method [2]). This algorithm does not use GPU. It is
implemented just for comparison.
² GPU-CR: GPU (in parallel) performs importance
sampling and CPU performs centralized resampling.
² GPU-DR: Both IS & R are performed in parallel on
the GPU. DR is as described in Sect. III-A, Table III.
After the weights of the blocks are known, the number of particles that each block replicates is calculated
at CPU using residual systematic resampling (inter resampling). Finally, intra-resampling is performed inside the block in parallel.
b) Computing Platform: The hardware used in this
experiment is presented in Table VI.
Note that there are 8 parallel pipelines and the
number of particles chosen À number of pipelines.
Also, the GPUs has a maximal texture size that limits
the number of particles that can be resampled as a single
unit (block).
3 CR

stands for Centralized Resampling and DR–for Distributed
Resampling
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Fig. 6. Computation Times of CR & DR

The code for all implementations is written in C++
and compiled using Visual C++ 2008.
c) Results & Comparison: Due to space limitation,
only the most representative results are reported.
First, Fig. 5 shows the computation times spent on
different parts of the PF algorithm in the GPU-DR
implementation. The resampling step incurs the highest
computational cost. Quantitatively, resampling is from
two to four times more costly (depending on the number
of particles) than importance sampling, and about 2.5
times than generating the estimates.
Second, Fig. 6 shows a comparison between the
times for resampling only (CR and DR) with different
number of particles. Even though DR is in parallel, the
improvement over CR is not significant because the
clock rate of GPU is much lower (almost two times)
than that of the CPU. Also, as the number of particles
increases the efficiency of DR decreases due to the
limited pipelines of GPU.
Next, Fig. 7 and Fig. 8 show the position timeaverage root-mean square errors (TARMSE) and execution times of the three PF algorithms for 3 targets,
respectively. Fig. 9 and Fig. 10 are for 20 targets. Fig.
7 indicates that, for 3 targets, using slightly more than
60K particles (in all filters) is a reasonable choice for
practical purposes. For 20 targets, Fig. 9 indicates that
more than 130k particles are needed. These figures also
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Fig. 7. Position TARMSE; 3 Targets; 100 MC Runs

Fig. 9. Position TARMSE; 20 Targets; 100 MC Runs

Fig. 10. Average Execution Time; 20 Targets; 100 MC Runs

Fig. 8. Average Execution Time; 3 Targets; 100 MC Runs

illustrate that CPU-CR and GPU-CR are better than
GPU-DR in terms of accuracy (for the same number
of particles). This is clear because CR has better utilization of particles than DR–the former implements
the resampling exactly as opposed to the latter which is
approximate.
On the other hand, Fig. 8 and Fig. 10 show the execution times for one computational cycle of the tracking
filter. Now the order of performance is reversed with
CPU-CR being considerably slower than both GPU-CR
and GPU-DR (which are close in computation times).
Quantitatively (based on all simulations with 130K particles), CPU-CR is about 30% slower than GPU-DR.
The fully centralized algorithm (CPU-CR) is the best
in terms of accuracy at a given number of particles but
its computation time is worst. The fully distributed algorithm (GPU-DR) has shown the best running time
but its accuracy is the worst. The partially distributed
algorithm (GPU-CR), for the considered scenarios, has
shown a computation time close to that of the fully dis-

tributed (GPU-DR) and accuracy not much worse than
that of the fully centralized (CPU-CR). It appears that,
for the considered hardware configuration, the partially
distributed implementation may provide a reasonable
tradeoff between filter accuracy and computation time
as compared to the other two implementations.
2)

Experiment 2:
a) Algorithms: Three PFs (CPU-CR, GPU-DR, and
GPU-DR (new)) were implemented with different number of particles for each scenario. CPU-CR and GPUDR were the same as described in Experiment 1. GPUDR (new) implemented the novel enhanced PPF proposed in Sect. III-B
² GPU-DR (new): Both IS & R are performed in parallel
on the GPU. DR is as described for the enhanced PPF
in Table IV.
b) Computing Platform: The hardware used in this
experiment is presented in Table VII.
c) Results & Comparison: Here we evaluate the novel
EPPF proposed in Sect. III-B, Table IV in comparison
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TABLE VII
Hardware Configuration 2

CPU

Model:
Clock Rate:
Memory:
Operating System:

Intel(R) Core(TM) i5-3210M
2.50 GHz
4.0 G
Windows 7

GPU

Model:
CUDA Driver:
Clock Rate:
Cores:
Registers:
Constant Memory:
Shared Memory:

NVS 5400M
5.0
0.95 GHz
2 (MP) x 48 (Cores/MP) = 96
32K bytes/block
64K bytes
48K bytes/block
Fig. 11. Computation Times of CR & DR

with CPU-CR and GPU-DR, described in Sect. III-A,
Table III.
Fig 11 shows the computation time of the CPUcentralized resampling (cent.R), GPU-distributed resampling with RNA (dist.R (RNA)) and our enhanced
algorithm (dist.R (new)). It is seen that for different
number of particles our updated algorithm has better
performance than that of the generic algorithms. The
new algorithm is up to 1.5 times faster than dist.R
(RNA). Fig. 12 shows relative times spent in the different steps of three PF algorithms. The resampling step
of dist.R (new) has almost the same computational cost
as the step of importance sampling. It is a significant
improvement of the resampling step as compared with
cent.R and dist.R (RNA).
V. SIMULATION STUDY II: GPU PPF VS. PFF FOR
HIGH-DIMENSIONAL FILTERING PROBLEM
The purpose of this simulation study is to evaluate
and compare the performances of the GPU-accelerated
parallel PF (Table III) and PFF (Table V) for a high
dimensional nonlinear filtering problem.

initial state vector x0 » N (0:8, 25000Id ) is randomly
generated.
Four scenarios with different state dimension (i.e.,
d = 10, 20, 30, 40), each with different number of particles as specified in Table VIII, are simulated.
B. Algorithms

A. Model
We consider nonlinear filtering for the following
model with cubic measurement nonlinearities4
xk+1 = ©xk + wk
32 3 3
2
xk,1
1 0 0
76 3 7
6
zk = 4 1 1 0 5 4 xk,2 5 + vk
1 1 1

(5)
(6)

x3k,3

where k = 0, 1, : : : is time index, xk = [xk,1 xk,2 : : : , xk,d ]0
is the state vector of dimension d ¸ 3, © is a positive
definite transition matrix that is generated randomly
for each scenario in the simulation, wk » N (0, 0:042 Id )
and vk » N (0, 1:02 I3 ) are zero-mean Gaussian white
process and measurement noises, respectively, and the
4 The target dynamics need not be nonlinear for the purpose of comparison because both nonlinear filters, PF and PFF, differ only in the
measurement update part.
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Fig. 12. Relative Times Spent in the Different Steps Using
GPU-DR

Implemented are the following four filter algorithms:
PFF-CPU, PFF-GPU, PF-CPU and PF-GPU where
CPU stands for a sequential implementation (needed for
the purposes of comparison). The hardware used in our
experiments is presented in Table VII. The code for all
implementations is written in C++ and compiled using
Visual C++ 2008. The particular configuration parameters of our GPU implementations are given in Table
VIII.
C.

Performance Measures

In order to obtain statistically significant evaluation
of the performance metrics, R = 50 Monte Carlo (MC)
runs are performed for each scenario.
The filters’ estimation accuracy at each time step k is
measured in terms of the average dimension-free error
R

ek =

1 X (r)
ek ,
R

(7)

r=1
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TABLE VIII
GPU Blocks’ Specification
Num of Particles =
XDim
XDim
XDim
XDim

=
=
=
=

10
20
30
40

1536

12288

49152

98304

196608

393216

786432

1572864

6
12
16
24

48
96
128
192

192
384
512
768

384
768
1024
1536

768
1536
2048
3072

1536
3072
4096
6144

3072
6144
8192
12288

6144
12288
16384
24576

Threads/Block = 256
Threads/Block = 128
Threads/Block = 96
Threads/Block = 64

where
e(r)
k =

1 (r)
(x̂ ¡ xk(r) )0 (x̂k(r) ¡ xk(r) )
d k

(8)

and xk(r) and x̂k(r) are the true and estimated state vectors,
respectively, in MC run r = 1, 2, : : : , R.
The filters’ overall accuracy is measured in terms of
the time-averaged error (TAE), defined as follows
n

"[m,n] =

X
1
ek
n¡m+1

(9)

k=m

where [m, n] is the time interval of averaging. TAE is
sometimes used in target tracking as a single measure of
“steady-state” filter accuracy. In the simulation m = 21,
n = 50.
The computational performance of all four filters is
measured in terms of average running time per one filter
time-step. The computational performance of the parallel GPU filters is measured in terms of speedup with
respect to the corresponding CPU sequential filter, i.e.,
Speedup =

TCPU
TGPU

(10)

where TCPU and TGPU denote the average running time of
the filter (PF or PFF) on CPU and GPU, respectively.
The speedup characterizes the scalability of a parallel
algorithm.
D. Results
Fig. 13 shows the dimension-free error plots of the
filters5 with 10 dimensional state vectors and 800K particles. It illustrates that PFF-CPU is the best in terms of
accuracy (for the same number of particles), followed
by PFF-GPU, PF-CPU and PF-GPU. Very similar results were obtained for different state vector dimensions
(up to 40) and different number of particles. Based on
all results, the GPU versions of both PFF and PF are
apparently less accurate than their corresponding CPU
versions. This is because the parallel GPU versions are
actually approximations of the fully centralized CPU
versions. For the PF this approximation is in the resampling step: it is global (uses all particles) in PF-CPU and
local (uses only the particles within a block) in PF-GPU.
A similar effect happens with the PFF: the computation
of x̄k in PFF-CPU is global (the sample mean of all
5 EKF’s

error plot is shown as a baseline only and is excluded from
further comparison.

Fig. 13. Dimension-Free Errors

particles), while the computation of x̄k,b in PFF-GPU is
local and consequently less accurate.
More detailed overall accuracy comparison can be
made based on the plots in Fig. 14 (left) that show the
time-averaged dimension-free errors of the four filters
with different dimensions of the state vector versus
the number of particles. The differences in accuracy
are quite significant. In particular, PFF-GPU is several
orders of magnitude more accurate than both PF-GPU
and PF-CPU. Of course, PFF-GPU is less accurate than
PFF-CPU (for reasons explained above), but this does
not seem significant, given the fact (discussed next) that
the former is much faster than the latter.
The plots in Fig. 14 (right) show the average running times–the “prices” paid to achieve the accuracies
shown in the corresponding plots of Fig. 14 (left). With
the same number of particles, PFF-CPU is about 1.5—2
times faster than PF-CPU (depending on the number
of particles), and PFF-GPU is about 4—5 times faster
than PF-GPU. Table IX is provided for more accurate
comparison. Even though it might seem that PFF-CPU
requires more computation time per particle than PFCPU, it actually appears otherwise. PFF update includes
computing A(¸), b(¸) and solving the ODE via the Euler
scheme (Table V). Computing A, b is common for all
particles and independent from the number of particles
(except for x̄k ). Therefore, for large number of particles it has insignificant contribution to the “per particle” computation time. The main portion of computation time per particle is spent on the ODE which is a
fairly simple and fast computation for small L. In the
simulation L = 10 and the time spent on it is up to twice
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Fig. 14. Time-Averaged Dimension-Free Error (left) & Running Time (right)

smaller than the time PF spends to draw a resampled
particle from a large set of particles using stratified sampling. PFF with L = 5 and 20 was also run, but L = 10
was chosen as the best tradeoff between accuracy and
speed. For L = 20 the computation times of PFF-CPU
and PF-CPU are closer but the advantage of PFF in accuracy increases. The time results regarding PFF-GPU
vs. PF-GPU are not surprising given the fact that PFFGPU is almost completely (thread) parallel while the
resampling of PF-GPU is only partially (block) parallel.
Fig. 15 illustrates the effect of the state dimension
on the running time with different number of particles
84

of both parallel filters: PF-GPU (left) and PFF-GPU
(right).
Fig. 16 shows the speedup of PF-GPU (left) and
PFF-GPU (right) with different state dimension and different number of particles. It appears that for both GPU
filters the speedup most often increases with the state dimension (for the same number of particles) which supports using GPU for highly dimensional problems. On
the other hand, the speedup for both GPU filters does
not seem to vary very significantly with the number of
particles (for the same state dimension). Finally, Fig.
17 compares the speedup of PF-GPU and PFF-GPU for
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TABLE IX
Running Time (s)
Num of Particles =

1536

12288

49152

98304

196608

393216

786432

1572864

XDim = 10

PFF-CPU
PFF-GPU
PF-CPU
PF-GPU

0.0099
0.0007
0.0172
0.0034

0.0792
0.0054
0.1418
0.0281

0.3403
0.0218
0.5856
0.1129

0.6682
0.0439
1.2602
0.2438

1.2630
0.1000
2.5559
0.5337

3.1733
0.2187
4.6397
1.0696

5.0851
0.4625
9.1571
1.7700

14.4671
1.0493
17.8682
5.5668

XDim = 20

PFF-CPU
PFF-GPU
PF-CPU
PF-GPU

0.0218
0.0014
0.0382
0.0063

0.1760
0.0117
0.3139
0.0513

0.7338
0.0469
1.2319
0.2023

1.5952
0.0989
2.5249
0.4362

2.9421
0.2175
5.9612
0.9371

6.6210
0.4928
10.6548
1.6812

12.4409
1.0343
28.3821
3.5717

24.9088
1.7933
50.8195
8.8979

XDim = 30

PFF-CPU
PFF-GPU
PF-CPU
PF-GPU

0.0359
0.0023
0.0643
0.0092

0.2925
0.0181
0.5213
0.0743

1.1410
0.0722
2.2102
0.3132

2.4776
0.1464
4.2976
0.5864

5.4436
0.2984
8.4932
1.3253

9.9433
0.6978
20.7041
2.9221

18.9128
1.4003
35.0581
6.7780

48.8515
3.5066
83.7303
9.8334

XDim = 40

PFF-CPU
PFF-GPU
PF-CPU
PF-GPU

0.0520
0.0033
0.0947
0.0124

0.4127
0.0272
0.7756
0.0996

1.7799
0.1092
3.0457
0.4036

3.7476
0.2148
6.1521
0.8578

7.6032
0.5102
13.2333
1.7792

14.2963
0.8640
26.1284
3.3625

26.9597
2.0259
59.6716
9.2275

64.0159
4.4173
103.0515
15.5961

Fig. 15. One-Step Running Time

Fig. 16. Speedup of PF & PFF

different number of particles (for state dimension 40).
PF-GPU provides a speedup of about six times with respect to PF-CPU and PFF-GPU provides a speedup of

about fifteen times with respect to PF-CPU. PFF-GPU
outperforms PF-GPU more than two times in terms of
speedup due to its higher level of parallelization.
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Fig. 17. Speedup of PF vs. PFF
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VI. SUMMARY & CONCLUSIONS
Three efficient parallel particle and particle flow filter implementations, optimized for GPU architecture,
have been proposed and studied. They have been applied and tested, via simulation, for tracking multiple targets using a pixelized sensor, and for a highdimensional nonlinear density estimation problem.
Overall, the obtained simulation results have demonstrated that using GPU can significantly accelerate the
computation of particle filters and particle flow filters
through parallelization of the computational algorithms
at a tolerable loss of accuracy, and thereby bring them
closer to practical applications.
Specifically:
² For the multitarget target tracking problem, the newly
proposed Enhanced PPF GPU implementation has
shown superior computational performance and the
same accuracy as compared to the previous (RNAbased) PPF implementation.
² For the high-dimensional nonlinear estimation problem, the parallel particle flow filter has shown superior performance in comparison with the parallel particle filter implementation in both estimation accuracy
and computational efficiency.
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